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COVERING MONOPOLE MAP AND HIGHER DEGREE IN NON
COMMUTATIVE GEOMETRY
TSUYOSHI KATO
Abstract. In this paper we develop analysis of the monopole map over the
universal covering space of a compact four manifold. We induce a property on
local properness of the covering monopole map under the condition of closeness
of the AHS complex. In particular we construct a higher degree of the covering
monopole map when the linearized equation is isomorphic, which induces a
homomorphism between K group of the group C∗ algebras. It involves non
linear analysis on the covering space, which is related to Lp cohomology. We
also obtain various Sobolev estimates on the covering spaces.
As a possible application, we propose an aspherical version of 10
8
inequality,
combining with Singer conjecture on L2 cohomology. It is satisfied for a large
class of four manifolds which includes some complex surfaces of general type.
1. Introduction
In this paper we study the monopole map over the universal cov-
ering space of a compact four manifold. Based on the idea of finite
dimensional approximation, Bauer-Furuta constructed degree of the
monopole map which recovers the gauge theoretic invariant in Seiberg-
Witten theory [BF]. This aims at construction of a covering version of
their construction.
Gauge theory made a serious development of study of smooth struc-
ture in four dimension. It presents a general mechanism in which
a moduli space is constructed, which is given by solutions to some
non linear elliptic equations modulo gauge symmetry. The tangent
space is given by the index bundle of the family of elliptic operators
parametrized by the moduli space. So the Atiyah-Singer index theorem
is the fundamental object as the local model of the moduli theory.
Classical surgery theory made clear that the fundamental group has
a serious effect on smooth structure on a manifold. In high dimension,
it is reduced to algebraic topology of the group ring, which has led to
the significant development of study of geometry and analysis over the
universal covering space. The Atiyah-Singer index theorem has been
extensively developed over non compact manifolds. The construction
by Gromov and Lawson is fundamental and revealed a deep relation to
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cohomology.
1
2 TSUYOSHI KATO
the non existence of positive scalar curvature metrics [GL]. Non com-
mutative geometry created a new framework in geometry, which unifies
analysis of the index theory over non compact spaces with surgery the-
ory passing through representation theory [C].
Study on smooth structure is a core background in both fields of
non commutative geometry and gauge theory. Actually based on the
Atiyah-Singer index theorem, both theories gave serious development in
differential topology. It would be quite natural to try to combine both
theories by introducing a systematic tool to analyse smooth structure
on four manifolds from the view point of their fundamental groups, and
to construct moduli theory over non compact spaces in the framework
of non linear non commutative geometry. This paper is the first step to
attack this project by use of Seiberg-Witten theory and Bauer-Furuta
invariants, and aims at construction of an infinite dimensional degree
theory in non commutative geometry. This would also motivate to
develop analysis of Lp cohomology theory which appears naturally in
our subject, since it involves non linear analysis over non compact
spaces.
Let us explain finite dimensional version of our construction. Let
ϕ : Rn → Rn be a proper map. It induces a map between K- theory
ϕ∗ : K∗(Rn) → K∗(Rn) by composition of functions f ∈ C0(Rn) as
f ◦ ϕ ∈ C0(Rn). This gives the degree map in a standard sense. If a
discrete group Γ acts on Rn and ϕ is Γ-equivariant, then it induces the
equivariant degree map between the equivariant K theory:
ϕ∗ : KΓ∗ (R
n) ≡ K∗(Rn ⋊ Γ)→ K∗(Rn ⋊ Γ)
If Γ acts on Rn freely, then we have the induced map ϕ∗ : K∗(Rn/Γ)→
K∗(Rn/Γ) over the classifying space. Actually the homotopy class of
map ϕ : Rn/Γ→ Rn/Γ is determined by the induced group homomor-
phism ϕ∗ : Γ = π1(Rn/Γ)→ Γ.
One might say that our construction is its infinite dimensional ver-
sion. Let us start from a non linear elliptic map F between vector
bundles, and extend it to the map F : L2k(E) → L2k−1(F ) between
their Sobolev completions. A straightforward analogue of the degree
in finite dimension does not exist over the Hilbert spaces, since infi-
nite dimensional unitary group is contractible. Higson, Kasparov and
Trout constructed a C∗-algebra which is a kind of an infinite dimen-
sional Clifford algebra, and induced an infinite dimensional version of
Bott periodicity between Hilbert spaces in K theory [HKT].
In this paper we combine the constructions of the Bauer-Furuta de-
gree theory with Higson-Kasparov-Trout Bott periodicity, and intro-
duce K-theoretic degree of the covering monopole map. Our main aim
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here is to construct a covering monopole operator which is given by an
equivariant asymptotic momorphism between two Clifford C∗-algebras,
and call it as a higher degree of the covering monopole map. It induces
a homomorphism between the equivariant K-groups.
In order to perform it, there are some analytic conditions which we
have to assume at present. One of them is closedness of the Atiyah-
Hitchin-Singer complex which consists of a part of the linearized op-
erator of the covering monopole map. Such analysis has been devel-
oped extensively in relation with L2 cohomology theory, and we can
find plenty of instances of four manifolds whose covering spaces sat-
isfy such property [Gr1]. In this paper we construct the higher degree
when the linearized map is isomorphic. We also present examples of
spaces which satisfy such property. General cases will be considered in
later papers. We shall also include some basic analysis on the covering
monopole map over general four manifolds. In fact we will not assume
isomorphism-ness of the linearized map until section 6.
Let us recall construction of the Seiberg-Witten moduli space. LetM
be an oriented compact four manifold, and S± and L be the Hermitian
rank 2 bundles and their determinant bundle associated to a spinc
structure. The Clifford multiplication T ∗M×S± → S∓ defines a linear
map ρ : Λ2 → EndC(S+) whose kernel is the sub-bundle of anti self dual
2 forms and the image is the sub-bundle of trace free skew Hermitian
endomorphisms.
The space of configuration of the Seiberg-Witten map consists of the
set of u(1) connections over L and sections of positive spinors. The
map associates as:
F (A, φ) = (DA(φ), F
+(A)− σ(φ))
where A lifts to the connection over the spinors which gives the asso-
ciated Dirac operator, and σ(φ) is the trace free endomorphism:
(−i)(φ ⊗ φ∗ − 1/2|φ|2id)
regarded as a self dual 2 form on M via ρ.
The gauge group acts on the space of configuration, which is the set
of automorphisms of the principal spinc bundle which cover the identity
on the frame bundle. It is given by a map from M to the center S1 of
Spinc(4).
The Seiberg-Witten map F is equivariant with respect to u(1) gauge
group actions G, and its moduli space is given by all the set of solutions
divided by gauge group actions:
M = {(A, φ) : F (A, φ) = 0}/G.
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Now recall a basic differential topology. Let M and N be two com-
pact oriented manifolds of the same dimension n, and consider a smooth
map f : M → N . There are two different ways to extract degree of
f , where one is to count the number of the inverse of a generic point
of f . The other is to find a multiplication number of the pull-back
f ∗ : Hn(N : Z) → Hn(M : Z). Let us consider the case when the
Seiberg-Witten moduli space has generic zero dimension, and imagine
to apply such two different interpretation of the degree to the Seiberg-
Witten map. The Seiberg-Witten invariant corresponds to the for-
mer case. The degree construction of the map by algebro-topological
method is the basic idea of Bauer-Furuta theory, which corresponds to
the latter.
Of course one of the big difference from finite dimensional case is that
the spaces are Sobolev spaces which are locally non compact. Hence
one needs more functional analytic ideas to perform such process. Let
us recall a part of its construction, which is based on a rather abstract
formalism of homotopy theory on infinite dimensional spaces by A.
Schwartz [S].
Let F = l + c : H ′ → H be a Fredholm map so that the linearized
map l is Fredholm and its non linear part c is compact on each bounded
set. More precisely c maps bounded set into a compact subset in H .
Then the restrictions of F on ‘large’ finite dimensional linear subspaces
V ′ ⊂ H ′ composed with the projections to the image of l, turn out to
be ‘asymptotically proper’ in some sense:
pr ◦ F : V ′ ∩Dr → V = l(V ′)
for r >> 1 and r-ball Dr ⊂ H ′.
Bauer-Furuta theory applies the framework to the monopole map.
Notice that Seiberg-Witten map itself is not proper, and we modify it
as follows. The monopole map µ is defined for quadruplet (A, φ, a, f)
where A is a spinc connection, φ is a positive spinor (section of S+),
and a and f are one form and locally constant function respectively.
Then
µ :Conn× (Γ(S+)⊕ Ω1(M)⊕H0(M))→
Conn× (Γ(S−)⊕ Ω+(M)⊕ Ω0(M)⊕H1(M))
(A, φ, a, f)→ (A,DA+aφ, F+A+a − σ(φ), d∗(a) + f, aharm)
where µ is equivariant with respect to the gauge group action G =
map(M,T). We denote by G0 as the based gauge group.
The subspace A + ker(d) ⊂ Conn is invariant under the free action
of the based gauge group. Its quotient is isomorphic to the space of
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equivalent classes of flat connections Pic(M) = H1(M : R)/H1(M :
Z). Let us consider the quotient:
A ≡ (A+ ker(d))× (Γ(S+)⊕ Ω1(M)⊕H0(M))/G0,
C ≡ (A + ker(d))× (Γ(S−)⊕ Ω+(M)⊕ Ω0(M)⊕H1(M))/G0.
The monopole map descends to the fibered map over Pic(M):
µ : A→ C.
As a general fact a Hilbert bundle over a compact space admits triv-
ialization so that the isomorphisms A ∼= H ′ × Pic(M) and C ∼= H ×
Pic(M) hold. Let us consider the composition with the projection:
pr ◦ µ : A→ H.
Theorem 1.1 (BF). Let M be a compact oriented smooth four man-
ifold. The monopole map over M defines an element in the stable
co-homotopy group which admits a natural homomorphism to the inte-
ger, such that if b+ ≥ b1 + 1, then the image of the element coincides
with the Seiberg-Witten invariant.
In this paper we shall use the Clifford C∗-algebras SC(H). Let us
state a special case of our construction.
Proposition 1.2. Let F = l + c : H ′ → H be the monopole map over
a compact oriented four manifold M with b1(M) = 0, such that the
Fredholm index of l is zero. Then F induces a ∗-homomorphism:
F ∗ : SC(H)→ SC(H ′).
Moreover the induced map:
F ∗ : K(SC(H)) ∼= Z→ K(SC(H ′)) ∼= Z
is given by multiplication by the degree 0 Seiberg-Witten invariant.
Our aim is to extend the construction of the ∗-homomorphism over
the universal covering space of a compact oriented smooth four mani-
fold equivariantly with respect to the fundamental group action.
1.1. Main results and conjectures. Let M be a compact oriented
smooth Riemannian four manifold, and X = M˜ be its universal cov-
ering space equipped with the lift of the metric. Let us fix a spinc
structure on M , and choose a solution (A0, ψ0) to the Seiberg-Witten
equation over M . We denote their lifts by A˜0, ψ˜0 over X .
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In this paper we shall introduce the covering monopole map at the
base (A0, ψ0):
µ˜ : L2k(X ; S˜
+ ⊕ Λ1 ⊗ iR)→ L2k−1(X ; S˜− ⊕ (Λ2+ ⊕ Λ0)⊗ iR)⊕H1(X)
(φ, a)→ (FA˜0,ψ˜0(φ, a), d∗(a), [a])
where [a] is the orthogonal projection to the first l2 cohomology group.
In general the de-Rham differentials do not have closed range be-
tween the Sobolev completions over a non compact manifold. It leads
to two different types of l2 cohomology theory, reduced or unreduced
ones. If the AHS complex has closed range over X , then l2 cohomology
groups H∗(X ;R) are uniquely defined for ∗ = 1, 2. Throughout this
paper, we will assume closeness of the AHS complex over X .
Concerning the gauge group action, we will verify that the covering
monopole map admits the Γ equivariant global slice:
µ˜ : L2k(X ; S˜
+ ⊕ Λ1 ⊗ iR) ∩ Ker d∗ → L2k−1(X ; S˜− ⊕ Λ2+ ⊗ iR)⊕H1(X)
(φ, a)→ (FA˜0,ψ˜0(φ, a), [a])
when the AHS complex has closed range.
The linearized operator of the covering monopole map over X is
Γ-Fredholm whose Γ-index coincides with:
dimΓ dµ˜ = ind D − χAHS(M)− dimΓH1(X)
= ind D − dimΓH2+(X).
where χAHS(M) = b0(M)− b1(M) + b+2 (M).
Remark 1.3. Let us denote Ker d ⊂ L2k+1(X : Λ1 ⊗ iR), and put
A0 = A˜0 + Ker d. A covering version of the Bauer-Furuta formalism
is Gk+1(L)⋊ Γ equivariant monopole map:
µ˜ :A0 × L2k(X ; S˜+ ⊕ Λ1 ⊗ iR)→
A0 × [ L2k−1(X ; S˜− ⊕ (Λ0 ⊕ Λ2+)⊗ iR)⊕H1(X) ]
The quotient space by the gauge group is fibered over the first L2 coho-
mology group:
A0 ×Gk+1(L) L2k(X ; S˜+ ⊕ Λ1 ⊗ iR) ∼= H1(X)× L2k(X ; S˜+ ⊕ Λ1 ⊗ iR)
and the latter space is similar. By projecting to the fiber, we obtain
Gk+1(L)⋊ Γ equivariant monopole map:
µ˜ :H1(X)× L2k(X ; S˜+ ⊕ Λ1 ⊗ iR)→
L2k−1(X ; S˜
− ⊕ (Λ0 ⊕ Λ2+)⊗ iR)⊕H1(X)
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Γ-index of the liberalized map is given by:
dimΓ dµ˜ = ind D − χAHS(M)
which is a topological invariant of the base manifold M . However we
encounter difficulty to analyze this space that it is not proper whenever
H1(X) does not vanishes. Later we will not use this version of the
map.
Let F = l + c : H ′ → H be a smooth map between Hilbert spaces,
where l is its linear part. For a finite dimensional linear subspace
W ′ ⊂ H ′, let us put W = l(W ′) ⊂ H . Consider pr ◦ F : W ′ → W
which is the restriction of F composed with the projection to W . If it
is proper, then we obtain the induced homomorphism:
( pr ◦ F )∗ : C0(W )→ C0(W ′).
The basic idea is to regard this as an approximation of the original map
F : H ′ → H . When F is Fredholm, such finite dimensional restriction
works effectively if we choose dimension of W sufficiently large.
In our case of the covering monopole map, we have to construct an
‘induced map’ between function spaces over infinite dimensional linear
spaces, by using a family of approximations as above. Our idea is to
use the infinite dimensional Clifford C∗ algebras SC(H) [HKT], which
is given passing through a kind of limit of C0(W,Cl(W )) over all finite
dimensional linear subspaces W ⊂ H .
To induce a ∗-homomorphism from SC(H) by the covering monopole
map, it turns out that the target space SCF (H
′) arises naturally as
induced C∗ algebra by F . SCF (H ′) is given by the image F ∗(SC(H)),
when the base space is compact.
Let E → X be a vector bundle and H ′ = L2k(X ;E) be the Sobolev
space with r-ball denoted by Dr ⊂ H ′. For a compact subset K ⊂⊂ X ,
let L2k(K;E)0 be the closure of C
∞
c (K;E) by the Sobolev L
2
k norm,
where the latter is the set of smooth functions whose support lie in the
interior of K.
Definition 1.1. Let F : H ′ → H be a smooth map between Hilbert
spaces.
It is strongly proper, if (1) the pre image of a bounded set is contained
in some bounded set, and (2) the restriction of F on any ball Dr is
proper.
Suppose the Hilbert spaces consist of Sobolev spaces over X. F is
locally strongly proper, if it is strongly proper over the restriction on
L2k(K;E)0 for any compact subset K ⊂⊂ X.
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An important case of strongly proper map is given by a Fredholm
map which consists of sum of an elliptic operator with a compact map-
ping between Sobolev spaces over a compact manifold. In our case
these two properties hold locally since the base space is non compact.
Proposition 1.4. Let:
F = l + c : H ′ = L2k(X ;E)→ H = L2k−1(X ;F )
be a Γ-equivariant locally strongly proper map, where l is a first order
elliptic differential operator and c is pointwise and locally compact on
each bounded set. Suppose l is isomorphic.
Then there is an adapted family of finite dimensional linear subspaces
{W ′i}i which finitely Γ-approximates F .
This is verified in corollary 6.9, and it follows from proposition 6.4
that F induces a Γ-equivariant ∗-homomorphism:
F ∗ : SC(H)→ SCF (H ′).
In particular it induces a homomorphism on K theory of the full group
C∗ algebra:
F ∗ : K(C∗(Γ))→ K(SCF (H ′)⋊ Γ).
In this paper we verify the following:
Theorem 1.5. Suppose the AHS complex has closed range over the
Sobolev spaces on the universal covering space X.
Then the covering monopole map is locally strongly proper.
In fact we verify a stronger property so that the restriction of the
slice:
µ˜ : L2k(K; S˜
+)0⊕L2k(X ; Λ1 ⊗ iR) ∩ Ker d∗
→ L2k−1(X ; S˜− ⊕ Λ2+ ⊗ iR)⊕H1(X)
is strongly proper for each compact subset K ⊂⊂ X .
Corollary 1.6. Suppose the AHS complex has closed range as above.
Assume the following conditions:
(1) The Dirac operator over the covering space is invertible, and
(2) the second L2 cohomology of the AHS complex vanishes.
Then the covering monopole map gives a Γ-equivariant ∗-homomorphism:
µ˜∗ : SC(H)→ SCµ˜(H ′).
In particular it induces a homomorphism on K-theory:
µ˜∗ : K(C∗(Γ))→ K(SCµ˜(H ′)⋊ Γ).
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In the above case Γ-dimension of the covering monopole map is equal
to zero, since it coincides with the index of the Dirac operator over M .
We shall present some examples of four manifolds whose covering spaces
satisfy these conditions with respect to their spin structures.
Remark 1.7. (1) Asymptotic morphism is a notion between C∗ alge-
bras which is weaker than the usual ∗-homomorphism [CH], but still
it induces a homomorphism between K-theory. One might expect that
there is a way to construct a Γ-equivariant asymptotic morphism µ˜∗
from SC(H) to SC(H ′) over some classes of covering monopole maps.
(2) So far we have assumed a condition that the linearized operator
gives an isomorphism. In general there appear non zero kernel and
co-kernel subspaces which are both infinite dimensional if fundamental
group is infinite. In order to eliminate this condition, one will have to
use some method which stabilize these infinite dimensional spaces. We
may have to use Kasparov’s KK theory for general construction.
1.1.1. A new phenomena. Suppose the AHS complex has closed range,
and consider the covering monopole map:
µ˜ : L2k(X ; S˜
+ ⊕ Λ1 ⊗ iR)→ L2k−1(X ; S˜− ⊕ (Λ0 ⊕ Λ2+)⊗ iR)⊕H1(X)
whose quotient map by L2k+1 gauge group G over X is denoted by
µ˜ : H ′ → H in short.
Recall that we have chosen a solution (A0, ψ0) to the Seiberg-Witten
equation over the base compact four manifoldM . Let M˜(M) be all the
set of such solutions over M . The moduli space M(M) is given as the
quotient space by the gauge group G(M). So the covering monopole
map is parametrized by M˜(M) and hence give a family of the covering
monopole maps:
M˜(M)×H ′ → M˜(M)×H
G(M) acts on both H ′ and H , since G(M)∩G consists only of identity,
and their actions of course commute.
Let us consider the quotient space:
µ˜ : (M˜(M)×H ′)/G(M)→ (M˜(M)×H)/G(M)
which is fibered over the moduli space M(M) on M . If we trivialize as
(M˜(M)×H)/G(M) ∼= M(M)×H
and compose it with the projection, then we obtain the family of the
covering monopole map:
µ˜ : M(M)×H ′ → H
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The linearized map is Γ-Fredholm whose Γ-index is given by:
dimΓ dµ˜ = − dimΓH1(X).
Notice that the formula always holds whenever the dimension ofM(M)
takes any value.
1.2. Higher 10
8
conjecture. Furuta verified the following constrain
on topology of smooth four manifolds:
Theorem 1.8 (F). Let M be a compact smooth spin four manifold.
Then the inequality holds:
b2(M) ≥ 10
8
|σ(M)|
where σ is the signature.
The original conjecture is a stronger version which bounds by 11
8
|σ(M)|
and is still open. Actually Furuta produced a bit stronger inequality,
which bounds by 10
8
|σ(M)|+ 2.
The proof uses a kind of finite dimensional approximation described
here, with representation theoretic observation over the H and R as
Pin2 modules.
We would like propose a higher version of 10
8
inequality:
Conjecture 1.9. SupposeM is a compact aspherical smooth four man-
ifold with even type intersection form. Then the inequality holds:
χ(M) ≥ 10
8
|σ(M)|
where χ is the Euler characteristic.
Strategy: The following argument essentially uses the covering ver-
sion of the inequality.
(1) We would like to propose the covering version of the inequality.
Let X = M˜ be the universal covering space. Then the covering 10/8
inequality holds:
b2Γ(X) ≥
10
8
|σΓ(X)| = 10
8
|σ(M)|.
where b2Γ(X) is the second L
2 betti number, and:
σΓ(X) = dimΓH
2
+(X)− dimΓH2−(X)
is the Γ-signature. It is equal to the signature over M by the Atiyah’s
Γ-index theorem.
(2) The Singer conjecture states that if M is aspherical of even di-
mension 2m, then the L2 betti numbes vanish except middle dimension:
biΓ(X) = 0 i 6= m
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Singer conjecture is known to be true for Ka¨hler hyperbolic manifolds
by Gromov [Gr1]. This is a stronger version to the Hopf conjecture
which states that under the same conditions, non negativity holds:
(−1)kχ(M) ≥ 0.
The Hopf conjecture is true in four dimensional hyperbolic manifolds
by Chern. This supports Singer conjecture in four dimension.
Suppose the Singer conjecture is true for an aspherical four manifold
M . Then we have the equalities:
χ(M) = χΓ(X) = b
0
Γ(X)− b1Γ(X) + b2Γ(X)− b3Γ(X) + b4Γ(X)
= b2Γ(X).
(3) We would have the inequality in conjecture 1.12 if we combine
(1) and (2) above.
Let us check that in the case of non positive signature values, the
above inequality χ(M) ≥ 10
8
|σ(M)| follows from another inequality:
χAHS(M) ≥ −1
8
σ(M)
where χAHS(M) = b
0(M)− b1(M) + b+(M). Assume σ(M) ≤ 0 is non
positive. Then the equalities hold:
χ(M) +
10
8
σ(M)
= b0(M)− b1(M) + b2(M)− b3(M) + b4(M) + b+−b−(M) + 1
4
σ(M)
= 2(b0(M)− b1(M) + b+(M)) + 1
4
σ(M)
= 2χAHS(M) +
1
4
σ(M)
where we used Poincare´ duality.
In general, the former inequality is independent of choice of orien-
tation, but the second one does depend. So one can say that these
two inequalities are equivalent in any class of compact oriented four
manifolds, which is closed under change of orientation.
1.2.1. Concrete cases. So far various affirmative estimates have been
obtained, which would support the conjecture.
Lemma 1.10. (1) If M is an ashperical surface bundle, then the in-
equality χ(M) ≥ 2|σ(M)| holds [Ko].
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(2) Suppose the intersection form of M is even, whose fundamental
group is amenable or realized by π1 of a closed hyperbolic manifold of
dim ≥ 3. Then the inequality χ(M) ≥ 10
8
|σ(M)| holds [B].
In (1), one can replace 2 by 3, which presents more stronger inequal-
ity, if moreover M admits a complex structure. The proof is rather
different from our approach.
In (2), Bohr developed a very interesting argument which replies
on some group theoretic properties. M is not necessarily assumed
aspherical.
Lemma 1.11. Suppose M is a complex surface of general type with
c21 ≥ 0. Then the inequality χ(M) ≥ 128 |σ(M)| holds.
The condition of c21 ≥ 0 holds if it is minimal, or c21 = 3c2 holds, where
the latter case is given by the unit ball in C2 divided by a discrete group
action by Yau.
Proof. Recall the formulas σ(M) = 1
3
(c21 − 2c2) with χ(M) = c2(M).
Moreover positivity c2 > 0 holds.
Let us divide into two cases, and suppose σ > 0 holds. Then the
strict inequality:
10
8
|σ(M)| = 10
8
1
3
(c21 − 2c2) ≤
10
24
c2 =
10
24
χ(M)
holds by Miyaoka-Yau inequality c21 ≤ 3c2.
Suppose σ(M) ≤ 0 holds. Then
10
8
|σ(M)| = 10
8
1
3
(2c2 − c21) ≤
10
12
c2 =
10
12
χ(M)
holds by non negativity of the Chern number.

Proposition 1.12. The covering 10
8
inequality:
b2Γ(X) ≥
10
8
|σ(M)|
holds for spin 4-manifolds with residually finite fundamental group.
Proof. Let Γ ⊃ Γ1 ⊃ Γ2 ⊃ . . . be the tower by normal subgroups of
finite indices with ∩i Γi = 1. Let Mi be Γ/Γi spin coverings of M with
π1(Mi) = Γi.
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Notice that any covering space of a spin manifold is also spin. By
Furuta, the inequalities hold:
b2(Mi) ≥ 10
8
|σ(Mi)|+ 2.
Denote mi = |Γ/Γi| and divide both sides by mi:
b2(Mi)
mi
≥ 10
8
|σ(Mi)
mi
|+ 2
mi
.
Firstly the equality σ(Mi)
mi
= σ(M) holds since the signature is multi-
plicative under finite covering. It follows by [Lu¨] that:
lim
i
b2(Mi)
mi
= b
(2)
2 (M)
converges to the L2 Betti number. Then the conclusion holds since
2
mi
→ 0. (The argument was suggested by Yosuke Kubota.) 
It is believed that ‘most’ word hyperbolic groups are residually fi-
nite. For example the fundamental groups of hyperbolic manifolds are
residually finite.
Corollary 1.13. Suppose four manifold M is aspherical and spin.
Moreover assume that π1(M) is residually finite and Ka¨hler hyperbolic.
Then the aspherical 10
8
conjecture holds.
Example 1.14. The assumptions are satisfied if M is Ka¨hler, aspher-
ical and spin, with π1(M) residually finite word hyperbolic groups.
Remark 1.15. It has been known that an oriented and definite four
manifold must have diagonal and hence odd type intersection form
([D1], [D2], see [BF ]). An aspherical four manifold with definite form
will not be expected to satisfy the inequality conjecture 1.10, if it exists.
In fact in the case the inequality is given by:
2(1− b1) + b2 ≥ 10
8
b2
which is the same as 8(1 − b1) ≥ b2 ≥ 0. Then we would have a
contradiction to the above inequality, if b1 > 1 holds. If b1 = 1 holds,
then b2 = 0 must hold. So only b1 = 0 case survives, which seems rare
for the aspherical case.
The author would like to appreciate Professor Kasparov and Profes-
sor Furuta for numerous discussions and useful comments.
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2. Monopole map
In section 2, we quickly review Seiberg-Witten and Bauer-Furuta
theories over compact four manifolds. Then we extend their construc-
tions over universal covering spaces of compact four manifolds. L2
cohomology of their fundamental groups play an important role on the
extensions.
2.1. Clifford algebras. Let V be a real four dimensional Euclidean
space, and consider the Z2 graded Clifford algebra Cl(V ) = Cl0(V )⊕
Cl1(V ).
Let S be the unique complex 4 dimensional irreducible representation
of Cl(V ). The complex involution is defined by:
ωC = −e1e2e3e4
where {ei}i is any orthonormal basis. It decomposes S into their eigen
bundles as S = S+ ⊕ S−, and induces the eigenspace decomposition:
Cl0(V )⊗ C ∼= (Cl0(V )⊗ C)+ ⊕ (Cl0(V )⊗ C)−
by left multiplication. It turns out that the isomorphisms hold:
(Cl0(V )⊗ C)± ∼= EndC(S±).
Passsing through the vector space isomorphism Cl0(V ) ∼= ∧0⊕∧2⊕
∧4, the former corresponds as follows:
(Cl0(V )⊗ C)+ ∼= C(1 + ωC
2
)⊕ (∧2+(V )⊗ C)
where the self-dual form corresponds to the trace free part. Then for
any vector v ∈ S+, v ⊗ v∗ ∈ End(S+) can be regaded as an element of
a self-dual 2 form, if its trace part is extracted:
σ(v) ≡ v ⊗ v∗ − |v|
2
2
id ∈ ∧2+(V )⊗ iR.
2.2. Monopole map over compact four manifolds. Let M be an
oriented compact Riemannian four manifold equiped with a spinc struc-
ture. Let S± and L be the Hermitian rank 2 bundles and the determi-
nant bundle respectively.
Let A0 be a smooth U(1) connection on L. With a Riemannian
metric on M , it induces a spinc connection and the associated Dirac
operator DA0 on S
±. Fix a large k ≥ 2 and consider the configuration
space:
D = {(A0 + a, ψ) : a ∈ L2k(M ; Λ1 ⊗ iR), ψ ∈ L2k(M ;S+)}.
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Then we have the Seiberg-Witten map:
F : D→ L2k−1(M ;S− ⊕ Λ2+ ⊗ iR),
(A0 + a, ψ)→ (DA0+a(ψ), F+A0+a − σ(ψ)).
Notice that the space of connections is independent of choice of A0 as
far as M is compact.
There is symmetry G∗ ≡ L2k+1(M ;S1)∗ which acts on D by the group
of based automorphisms with the identity at ∗ ∈M on the spinc bundle.
The action of the gauge group g on the spinors are the standard one,
and on 1 form is given by:
a→ a+ g−1dg
while trivial one both 0 and self-dual 2 forms.
It follows that F is equivariant with respect to the gauge group
action, and hence the gauge group acts on the zero set:
M˜ = {(A0 + a, ψ) ∈ D : F (A0 + a, ψ) = 0}.
Moreover the quotient space B ≡ D/G∗ is Hausdorff.
Definition 2.1. The based Seiberg-Witten moduli space is given by the
quotient space:
M = M˜/G∗.
Any connection A0 + a with a ∈ L2k(M ; Λ1 ⊗ iR) can be assumed to
satisfy Ker d∗(a) = 0 after gauge transform. Such gauge group element
is unique, since it is based so that locally constant functions cannot
appear. The slice map is given by the restriction:
F : L2k(M ;S
+)⊕ (A0 + Ker d∗)→ L2k−1(M ;S− ⊕ ∧2+ ⊗ iR)
whose zero set consists of the based moduli space equipped with natural
S1 action:
M˜/G∗ = F−1(0) ⊂ (A0 + Ker d∗)⊕ L2k(M ;S+).
Let us list some of the remarkable properties of the Seiberg-Witten
moduli space for convenience.
(1) The infinitesimal model of the moduli space is given by the elliptic
complex:
0→ L2k+1(M ; iR)→ L2k(M ; Λ1 ⊗ iR⊕ S+)
→ L2k−1(M ; Λ2+ ⊗ iR⊕ S−)→ 0
where the first map is given by a→ (2da,−aψ) and the second is by:(
d+ −Dσ(ψ)
1
2
ψ DA
)
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at (A,ψ), where Dσ(ψ) is the differential of σ at ψ. So the formal
dimension is given by:
ind F = −χAHS + ind DA0
where the right hand side consists of sum of the minus Euler charac-
teristic of the AHS complex and the index of the Dirac operator.
(2) The moduli space consists of only the trivial solution when M
admits a positive scalar curvature.
(3) The moduli space is always compact or empty.
(4) A part of the linearized map:
0→ L2k+1(M)→ L2k(M ; Λ1)→ L2k−1(M ; Λ2+)→ 0
is called the Atiyah-Hitchin-Singer complex. Let us compute the first
cohomology group:
Lemma 2.1. Let M be a closed four manifold. The first cohomology
of the AHS complex:
H1(M) = Ker d+/ im d
is isomorphic to the 1st de Rham cohomology.
Proof. There is a canonical linear map H1dR(M)→ H1(M).
Suppose d+(a) = 0 holds. We verify that d(a) = 0 also holds. In
fact we have the equalities by Stokes theorem:
0 =
∫
M
d(a) ∧ d(a) =
∫
M
d+(a) ∧ d+(a) +
∫
M
d−(a) ∧ d−(a)
=
∫
M
d−(a) ∧ d−(a) = −||d−(a)||2L2
So the inverse linear map H1(M)→ H1dR(M) exists. 
Let us introduce the monopole map as below:
µ : Conn× [ Γ(S+)⊕ Ω1(M)⊗ iR⊕H0(M ; iR) ]→
Conn× [ Γ(S−)⊕ (Ω+(M)⊕ Ω0(M))⊗ iR⊕H1(M ; iR) ]
(A, φ, a, f)→ (A,DA+aφ, F+A+a − σ(φ), d∗(a) + f, aharm)
where Conn is the space of spinc connections. µ is equivariant with
respect to the gauge group action. The subspace A + ker(d) ⊂ Conn
is invariant under the free action of the based gauge group, and its
quotient is isomorphic to the isomorphism classes of the flat bundles:
Pic(M) = H1(M ;R)/H1(M ;Z).
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Now we denote the quotient spaces:
A ≡ (A+ ker(d))× [ Γ(S+)⊕ Ω1(M)⊗ iR⊕H0(M ; iR) ] / G∗,
C ≡ (A+ ker(d))×
[ Γ(S−)⊕ (Ω+(M)⊕ Ω0(M))⊗ iR⊕H1(M ; iR) ] / G∗.
Then the monopole map descends to the fibered map over Pic(M):
µ = µ˜/G∗ : A→ C.
For a fixed k, consider the fiberwise L2k Sobolev completion and de-
note it as Ak. Similar for Ck−1. Then the monopole map extends
to a smooth map µ : Ak → Ck−1 over Pic(M). It is a well known
fact that a Hilbert bundle over a compact space admits trivialization,
which follows from a fact that the unitary group of an infinite dimen-
sional separable Hilbert space is contractible. Given a trivialization
Ck−1 = Pic(M)×Hk−1, one obtains the monopole map by composition
with the projection:
µ : Ak → Ck−1 = Pic(M)×Hk−1 → Hk−1.
There is a finite dimensional reduction of a strongly proper map
in our sense, which allows one to define degree. Bauer-Furuta theory
verifies that the monopole map µ : Ak → Hk−1 is strongly proper when
the underlying four manifold is compact allows. This allows one to
define a degree as an element in S1 equivariant stably co-homotopy
group. There is a natural homomorphism from the S1 equivariant
stably co-homotopy group to integer. The image of the degree coincides
with the Seiberg-Witten invariant if b+ > b1 + 1 holds [BF].
2.3. Seiberg-Witten map on the universal covering space. Let
(M, g) be a smooth and closed Riemannian four manifold equipped with
a spinc structure. Denote its universal covering space and fundamental
group by X = M˜ and Γ = π1(M) respectively. We equip with the lift
of the metric on X . The spinor bundle S = S+ ⊕ S− over M is also
lifted as S˜ = S˜+ ⊕ S˜− over X .
Let L2k(M) be the Sobolev spaces over M . Their norms can be lifted
over X so that they are Γ invariant. Later on we assume such property.
Let A0 be a spin
c connection over M , and (A0, ψ0) be a smooth
solution to the Seiberg-Witten equation so that the equalities hold:
DA0(ψ0) = 0,
F+A0 − σ(ψ0) = 0.
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Let us denote its lift by (A˜0, ψ˜0) over X , and put:{
DA˜0,ψ˜0(ψ, a) = DA˜0+a(ψ˜0 + ψ)−DA˜0(ψ˜0) = a(ψ˜0 + ψ) +DA˜0(ψ),
σ(ψ˜0, ψ) ≡ σ(ψ˜0 + ψ)− σ(ψ˜0).
Lemma 2.2. For k ≥ 1, they extend to the continuous maps:
DA˜0,ψ˜0 : L
2
k((X, g); S˜
+ ⊕ Λ1 ⊗ iR)→ L2k−1((X, g); S˜−),
σ(ψ˜0, ) : L
2
k((X, g); S˜
+)→ L2k−1((X, g); Λ2+ ⊗ iR).
If k ≥ 3, then it defines the continuous map:
σ(ψ˜0, ) : L
2
k((X, g); S˜
+)→ L2k((X, g); Λ2+ ⊗ iR).
Proof. Notice the equality:
σ(ψ˜0, ψ) = ψ˜0 ⊗ ψ∗ + ψ ⊗ ψ˜∗0− < ψ˜0, ψ > id + σ(ψ).
Since ψ0 ∈ C∞(M ;S+) is smooth, there is a constant C such that the
estimates hold:
||σ(ψ˜0, ψ)||L2
k−1
≤ C||ψ||L2
k−1
+ ||σ(ψ)||L2
k−1
.
Let us consider the last term. Notice the estimate with l ≤ k − 1:
||∇l(ψ ⊗ ψ∗)||L2 = ||Σα+β=l∇α(ψ)⊗∇β(ψ∗)||L2
≤ Σα+β=l||∇α(ψ)⊗∇β(ψ∗)||L2
It follows from corollary 3.3(2) below that we obtain the estimates:
||∇α(ψ)⊗∇β(ψ∗)||2L2(X) = Σγ∈Γ||∇α(ψ)⊗∇β(ψ∗)||2L2(γ(K))
≤ Σγ∈Γ||∇α(ψ)||2L4(γ(K))||∇β(ψ∗)||2L4(γ(K))
≤ CΣγ∈Γ||∇α(ψ)||2L2
1
(γ(K))||∇β(ψ∗)||2L2
1
(γ(K))
≤ C||ψ||4L2
k
(X)
where K ⊂ X is a fundamental domain of the covering.
In particular we obtain the estimate ||σ(ψ)||L2
k−1
≤ C||ψ||2
L2
k
, and
hence in total we obtain the estimate:
||σ(ψ˜0.ψ)||L2
k−1
≤ C(||ψ||L2
k−1
+ ||ψ||2L2
k
).
This implies that σ(ψ˜0. ) is not uniformly but still is continuous from
L2k to L
2
k−1.
The estimate for DA˜0,ψ˜0 is obtained by the same way.
Now suppose k ≥ 3, and consider∇α(ψ)⊗∇β(ψ∗) with α+β = l ≤ k.
Suppose both α and β are less than or equal to k − 1. Then by the
same argument as above its L2 norm is bounded by C||ψ||4
L2
k
(X)
. Next
suppose α = k ≥ 3 and hence β = 0. Then there is a constant C with
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||ψ||C0(γ(K)) ≤ C||ψ||L2
k
(γ(K)) by lemma 3.2(2) below. So we obtain the
estimates:
||∇k(ψ)⊗ ψ∗||2L2(X) = Σγ∈Γ||∇k(ψ)⊗ ψ∗||2L2(γ(K))
≤ Σγ∈Γ||ψ||2L2
k
(γ(K))||ψ∗||2C0(γ(K))
≤ C||ψ||2L2
k
(γ(K))||ψ∗||2L2
k
(γ(K)) ≤ C||ψ||4L2
k
(X).

Later on we will choose a large k >> 1 otherwise stated.
Definition 2.2. The covering Seiberg-Witten map at the base (A0, ψ0)
is given below:
FA˜0,ψ˜0 : L
2
k((X, g); S˜
+ ⊕ Λ1 ⊗ iR)→ L2k−1((X, g); S˜− ⊕ Λ2+ ⊗ iR)
(ψ, a)→ (DA˜0+a(ψ˜0 + ψ), F+A˜0+a − σ(ψ˜0 + ψ))
= (DA˜0,ψ˜0(ψ, a), d
+(a)− σ(ψ˜0, ψ))
The fundamental group Γ acts equivariantly on the covering Seiberg-
Witten map.
The gauge group Gk+1 over the spin
c bundle is given by:
Gk+1 = exp(L
2
k+1(X ; iR))
which is based at infinity, and admits structure of a Hilbert commu-
tative Lie group for k ≥ 3 (see corollary 3.3(1) below). The action is
given by:
(A,ψ)→ ((det g)∗(A), S+(g−1)(ψ))
for g ∈ Gk+1. Notice the equality det σ = σ2 for σ : X → S1 ⊂ C.
These two groups are combined into Gk+1 ⋊ Γ, and the covering
Seiberg-Witten map is equivariant with respect to this group.
Lemma 2.3. The gauge group acts on the covering Seiberg-Witten map
at the base (A0, ψ0) equivariantly.
Proof. Let g = exp(f) with f ∈ L2k+1(X ; iR). Then the conclusion
follows from the equality:
(det g)∗(A˜0)− A˜0 = 2df ∈ L2k(X ; Λ1 ⊗ iR).

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2.3.1. Reducible case. The covering Seiberg-Witten map becomes sim-
pler if one uses a reducible solution (A0, 0) as the base, in which case
A0 satisfies the ASD equation F
+
A0
= 0. Then it is given by:
FA˜0 : L
2
k((X, g); S˜
+ ⊕ Λ1 ⊗ iR)→ L2k−1((X, g); S˜− ⊕ Λ2+ ⊗ iR)
(ψ, a)→ (DA˜0+a(ψ), d+(a)− σ(ψ)).
Notice that the moduli space of U(1) ASD connections consists of the
space of harmonic anti self-dual 2 forms on M whose cohomology class
coincides with the first Chern class of the U(1) bundle.
2.3.2. Equivariant gauge fixing. Let us say that AHS complex is closed,
if the differentials:
0→ L2k+1(X)→ L2k(X ; Λ1)→ L2k−1(X ; Λ2+)→ 0
have closed range.
Lemma 2.4. Suppose the AHS complex is closed.. Then the first co-
homology group H1(X) = Ker d+/ im d is isomorphic to the L2 1st
deRham cohomology.
Proof. This follows by the same argument as lemma 2.1.

Remark 2.5. Later we see several classes of universal covering spaces
whose AHS complexes are closed. In many cases such property depends
only on the large scale analytic property of their fundamental groups.
Suppose the AHS complex is closed, and consider the space of l2
harmonic 1 forms:
H1 = Ker [ d∗ ⊕ d+ : L2k((X, g); Λ1 ⊗ iR)
→ L2k−1((X, g); (Λ0 ⊕⊗Λ2+)⊗ iR) ].
For any a ∈ L2k((X, g); Λ1⊗iR), consider the orthogonal decomposition
a = a1 ⊕ a2 ∈ H1 ⊕ (H1)⊥. We denote a1 by aharm ∈ H1.
Let us state the equivariant gauge fixing:
Proposition 2.6. Suppose the AHS complex is closed.
Then there is a global and Γ-equivariant gauge fixing so that the
covering Seiberg-Witten map is restricted to the slice:
FA˜0,ψ˜0 : L
2
k(X ; S˜
+)⊕L2k(X ; Λ1 ⊗ iR) ∩ Ker d∗
→ L2k−1((X, g); S˜− ⊕ Λ2+ ⊗ iR).
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Proof. Step 1: Let A = A˜0 + a with a ∈ L2k(X ; Λ1 ⊗ iR). We verify
that there is σ ∈ Gk+1 such that (det σ)∗(A) ≡ A˜0 + a′ satisfies the
equality d∗(a′) = 0 with the estimate:
||a′||L2
k
(X) ≤ C(||d+(a′)||L2
k−1
(X) + ||a′harm||)
for some constant C independent of A0.
Notice that when one finds such a constant for some A0, then it
holds for any choice of the base, since the Seiberg-Witten moduli space
is compact over the base compact manifold M (see 2.2).
It follows from the assumption that there is a bounded linear map:
∆−1 : d∗(L2k(X ; Λ
1 ⊗ iR))→ L2k+1(X ; iR)
which inverts the Laplacian. Let us put:
s0 = −1
2
∆−1(d∗(a)) ∈ L2k+1(X ; iR)
and σ0 = exp(s0) ∈ Gk+1. For a′ = a + 2σ−10 dσ0, we have:
(det(σ0)
∗(A) = A˜0 + a′
with the equality d∗(a′) = 0.
Step 2: Let us consider:
d∗ ⊕ d+ : L2k(X ; Λ1 ⊗ iR))→ L2k−1(X ; Λ0 ⊕ Λ2+)⊗ iR
Its kernel is the space of harmonic one forms, and decompose a′ = h+b,
where h = a′harm is the harmonic form and b lies in the orthogonal
subspace. Then it follows from closedness that there is a bound:
||b||L2
k
≤ C(||d∗(b)||L2
k−1
+ ||d+(b)||L2
k−1
) = C||d+(b)||L2
k−1
.
Moreover d+(b) = F+A −F+A˜0 = d
+(a′) holds. So we have the estimates:
||a′||2L2
k
≤ C(||d+(a′)||L2
k−1
+ ||a′harm||).

2.3.3. Covering Seiberg-Witten moduli space. Let us consider the closed
subset:
M(A0, ψ0) ≡ F−1A˜0,ψ˜0(0)
⊂ L2k(X ; S˜+)⊕ L2k(X ; Λ1 ⊗ iR) ∩Ker d∗.
It is non empty since [(0, 0)] is an element in it. If FA˜0,ψ˜0 has a regular
value at 0 so that its differential is surjective on M(A0, ψ0), then it is a
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regular manifold equipped with the induced Γ action. Its Γ-dimension
is equal to:
ind DA0 − χAHS
where the former is the index of DA0 and the second is the minus
AHS-Euler characteristic on M .
Notice that if an element g ∈ Γ is infinite cyclic, then g-action is free
except the origin [(0, 0)].
Choose any x, y ∈ F−1
A˜0,ψ˜0
(0), and consider its differential:
d(FA˜0,ψ˜0)x : L
2
k(X ; S˜
+)⊕ L2k(X ; Λ1 ⊗ iR) ∩Ker d∗
→ L2k−1((X, g); S˜− ⊕ Λ2+ ⊗ iR).
Let us denote d(FA˜0,ψ˜0)x just by dFx in short.
Lemma 2.7. (1) For x = (ψ, a), the following formula holds:
dFx(c, ξ) = (DA˜0+a(ξ)+c(ψ˜0+ψ), d
+(c)−(ψ˜0+ψ)⊗ξ∗−ξ⊗(ψ˜0+ψ)∗).
(2) Let k ≥ 3. The difference dFx − dFy is compact.
Proof. We have the formula:
dFx(c, ξ) =
d
dt
(DA˜0+a+tc(ψ˜0 + ψ + tξ), d
+(a+ tc)− σ(ψ˜0, ψ + tξ))t=0
= (DA˜0+a(ξ) + c(ψ˜0 + ψ), d
+(c)− (ψ˜0 + ψ)⊗ ξ∗ − ξ ⊗ (ψ˜0 + ψ)∗).
Let x = (ψ, a) and y = (b, φ). Their difference is given by:
(dFx − dFy)(c, ξ) = (a− b)ξ + c(ψ − φ),−(ψ − φ)⊗ ξ∗ − ξ ⊗ (ψ − φ)∗)
Since all a, b, c, φ, ψ, ξ ∈ L2k, their products all lies in L2k by corollary
3.3. If a, b, ψ, φ all have compact support, then compactness follows
from the Sobolev multiplication with Rellich lemma. In general they
can be approximated by compactly supported smooth functions, and
so the differences are still compact. 
2.4. Covering monopole map. Let M be a compact oriented four
manifold equipped with a spinc structure, and X = M˜ be its universal
covering space with π1(M) = Γ. Let H
1(X) (H¯1(X)) be the first
(reduced) L2 cohomology group. Both L2 cohomology groups coincide
with each other, H¯∗(X) = H∗(X) when the AHS complex is closed.
Let (A0, ψ0) be a solution to the Seiberg-Witten equation over M ,
and denote its lift by (A˜0, ψ˜0) over X .
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Definition 2.3. The covering monopole map at the base (A0, ψ0) is
the Gk+1 ⋊ Γ equivariant map given below:
µ˜ : L2k((X, g); S˜
+ ⊕ Λ1 ⊗ iR)→
L2k−1((X, g); S˜
− ⊕ (Λ2+ ⊕ Λ0)⊗ iR)⊕ H¯1(X)
(φ, a)→ (FA˜0,ψ˜0, (φ, a), d∗(a), [a])
where [ ] is the orthogonal projection to the reduced cohomology group.
Remark 2.8. Even if the first deRham cohomology group H1dR(X ;R) =
0 vanishes, still the first reduced cohomology group may survive. For an
element in the latter cohomology, there associates a ‘gauge group’ whose
action on the element can eliminate it. Such gauge group of course does
not lie in the L2 Sobolev space, whose behavior at infinity seems rather
complicated so that they will ‘move’ quite ‘slowly’ at infinity.
Lemma 2.9. Suppose the AHS complex is closed. Then the covering
monopole map restricts on the slice which is Γ equivariant map:
µ˜ : L2k((X, g); S˜
+)⊕ L2k((X, g); Λ1 ⊗ iR) ∩ Ker d∗ →
L2k−1((X, g); S˜
− ⊕ Λ2+ ⊗ iR)⊕H1(X)
(φ, a)→ (FA˜0,ψ˜0(φ, a), [a])
The linearized map is Γ-Fredholm whose Γ index coincides with:
dimΓ dµ˜ = ind D − (b0(M)− b1(M) + b+2 (M))− dimΓH1(X)
= ind D − dimΓH2+(X).
where ind D is the index of the Dirac operator over M .
Proof. The former follows from proposition 2.6. The latter follows from
the Atiyah’s Γ-index theorem. 
Remark 2.10. The Γ-dimension is topological invariant of the base
manifold M when one of H1(X) = 0 or H2+(X) = 0 hold.
If M is compact and aspherical, Singer conjecture states that L2 co-
homology should vanish except middle dimension, where in our case of
four manifolds, only the second L2 cohomology is able to survive and
H1(X) should vanish. It has been verified for many classes of com-
pact aspherical manfolds whose fundamental groups possess ‘hyperbolic’
structure [Gr1].
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3. Lp analysis and estimates on Sobolev spaces
3.1. Sobolev spaces over covering spaces. Let E, F be vetor bun-
dles over a compact Riemannian manifold M , and l : C∞(M ;E) →
C∞(M ;F ) be a first order elliptic differential operator.
Let us lift them over the universal covering space X = M˜ , and
introduce the lift of the L2 inner product over X :
< u, v >=
∫
X
(u(x), v(x))vol
which is Γ invariant. Let l∗ be the formal adjoint operator over X . We
will use the Sobolev norms on sections of E → X by:
< u, v >L2
1
=< u, v > + < l(u), l(v) >,
< u, v >L2
2
=< u, v > + < l(u), l(v) > + < l∗l(u), l∗l(v) >,
. . .
whose spaces are given by taking closure of C∞c (X ;E). In other words
one can express the inner products by:
< u, v >L2
k
=
k∑
j=0
< (l∗l)j(u), v > .
Similarly on F → X , we equip with the Sobolev norms by use of:
< w, x >L2
1
=< w, x > + < l∗(w), l∗(x) >,
< w, x >L2
2
=< w, x > + < l∗(w), l∗(x) > + < ll∗(w), ll∗(x) >,
. . .
Lemma 3.1. < l(v), w >L2
k
=< v, l∗(w) >L2
k
hold for all k ≥ 0.
Proof. It holds for k = 0. Suppose it holds up to k − 1. Since the
equalities hold by induction:
< l(u), w >L2
k
=< l(u), w > + < l∗l(u), l∗(w)) >L2
k−1
=< u, l∗(w) > + < l(u), ll∗(w)) >L2
k−1
=< u, l∗(w) >L2
k
the conclusion also holds for k.

In the case when l : L2k(X)
∼= L2k−1(X) gives a linear isomorphism,
we can replace the norms by:
< u, v >′L2
k
=< (l∗l)ku, v >L2 .
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Then l : L2k(X)
∼= L2k−1(X) is unitary with respect to this particular
norm. These norms are equivalent to the Sobolev norms above:
C−1|| ||L2
k
≤ || ||′L2
k
≤ || ||L2
k
for some C ≥ 1. This follows from a fact that there is a positive δ > 0
with the bound:
δ||u||L2 ≤ ||l(u)||L2, δ||w||L2 ≤ ||l∗(w)||L2
where δ is independent of u and w.
For convenience we recall the local Sobolev estimates over four di-
mensional spaces. By local compactness we mean that it is compact
on the restrictions of the function spaces with support on K for any
compact subset K ⊂ X .
Lemma 3.2. (1) The continuous embeddings Lpk ⊂ Lql hold locally, if
both k ≥ l and k − 4
p
≥ l − 4
q
hold.
They are locally compact, if the stronger inequalities k > l and k −
4
p
> l − 4
q
hold.
(2) The continuous embeddings Lpk ⊂ C l hold locally, if k − 4p > l
hold.
In particular it is convenient for us to check the embeddings L2k ⊂
L4k−1.
Proof. We refer [Eb],[Ei] for the proof. We also refer [GT] for more
detailed analysis of the Sobolev spaces. 
Corollary 3.3. The following local multiplications are continuous lo-
cally:
(1) L2k × L2k → L2k for k ≥ 3.
(2) L2k × L2k → L2k−1 for k ≥ 1.
Proof. Let us take u, v ∈ L2k. For k′ ≤ k,
∇k′(uv) =
∑
a+b=k′
∇a(u)∇b(v)
hold. If 0 ≤ k′ < k, then the estimates:
||∇a(u)∇b(v)||L2
loc
≤ ||∇a(u)||L4
loc
||‖∇b(v)||L4
loc
≤ C||∇a(u)||(L2
1
)loc||‖∇b(v)||(L21)loc
hold by lemma 3.2(1). So we obtain the estimate:
||uv||(L2
k′
)loc ≤ C||u||(L2k)loc||v||(L2k)loc .
This verifies (2).
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Let us verify (1). Suppose 3 ≤ k′ = k. Then we obtain the estimate:
||∇k(u)v||(L2)loc ≤ C||v||C0||u||(L2k)loc
by lemma 3.2(2). Combining with the above case, we have verified (1).

3.2. Lp cohomology. Let (X, g) be a complete Riemannian manifold.
For p > 1, let Lpk(X ; Λ
m) be the Banach space of Lpk differential m
forms over X , and d be the exterior differentials whose domains are
C∞c (X ; Λ
m).
Let us recall the following notions:
(1) The (unreduced) Lp cohomology Hm,p(X)k is given by:
Ker d : Lpk(X,Λ
m)→ Lpk−1(X,Λm+1) / im d : Lpk+1(X,Λm−1)→ Lpk(X,Λm)
(2) The reduced Lp cohomology H¯m,p(X)k is given by:
Ker d : Lpk(X,Λ
m)→ Lpk−1(X,Λm+1) / im d : Lpk+1(X,Λm−1)→ Lpk(X,Λm)
where im is the closure of the image.
There is a canonical surjectionHm,p(X)k → H¯m,p(X)k, and its kernel
is called the torsion of Lp cohomology:
Tm,pk ≡ Ker { Hm,p(X)k → H¯m,p(X)k }.
d has closed range if and only if the torsion Tm,pk = 0 vanishes.
Definition 3.1. Lp harmonic space Hm,p(X) is given by:
Ker (d⊕ d∗) : Lpk(X,Λm)→ Lpk−1(X,Λm+1 ⊕ Λm−1).
Notice that Hm,p(X) is independent of choice of k. It is well known
that the space H¯m,2(X)k is isomorphic to L
2 harmonic m forms. In
particular they are independent of k.
For our case of the AHS complex, the second cohomology involves
d+ rather than d.
Lemma 3.4. Suppose d : L2k(X ; Λ
i) → L2k−1(X ; Λi+1) have closed
range for any k ≥ 1 and i = 0, 1. Then the composition with the
self-dual projection:
d+ : L2k(X : Λ
1)→ L2k−1(X : Λ2+)
also has closed range for any k ≥ 1.
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Proof. Step 1: Let W ⊂ H be a closed linear subspace. If a sequence
wi ∈ W weakly converge to some w ∈ H , then w ∈ W . In fact
< w, h >= limi < wi, h >= 0 for any h ∈ W⊥.
Let H1 and H2 be both Hilbert spaces, andW ⊂ H1⊕H2 be a closed
linear subspace. Let us consider the projection P : H1⊕H2 → H1, and
choose a sequence wi = v
1
i + v
2
i ∈ W ⊂ H1⊕H2. Suppose the sequence
P (wi) = v
1
i ∈ H1 converge to some v1 ∈ H1, and weak limit of wi does
not lie on W . Then ||v2i || → ∞ must hold. In fact if ||v2i || could be
bounded, then v2i weakly converge to some v2 ∈ H2. In particuar wi
weakly converge to v1 + v2 which should lie in W as we have verified.
Step 2: Let us verify the conclusion for k = 1. It follows from
Stokes theorem that for α ∈ L21(X ; Λ1),
0 =
∫
X
d(α) ∧ d(α) = ||d+(α)||2L2 − ||d−(α)||2L2
So we have the equality ||d+(α)||2L2 = ||d−(α)||2L2.
It follows from step 1 that if a sequence αi ∈ L21(X ; Λ1) satisfy con-
vergence d+(α) → a ∈ L2(X ; Λ2+), then a = d+(α) for some α ∈
L21(X ; Λ
1), otherwise d−(αi) should diverge in L2 norm.
In this special case the result immediately follows by the equality
||d(α)||L2 = 2||d+(α)||L2 = 2||d−(α)||L2.
Sep 3: Let us verify k = 2 case, and assume αi ∈ L22(X ; Λ1)
satisfy convergence d+(α) → a ∈ L21(X ; Λ2+). Then there is some
α ∈ L21(X ; Λ1) with d+(α) = a by step 2.
We may assume d∗(α) = 0 since d : L2k+1(X)→ L2k(X ; Λ1) has closed
range. Then the elliptic estimate tells α ∈ L22(X ; Λ1) and hence k = 2
case follows.
We can proceed by induction so that the conclusion holds.

3.3. Examples of zero torsion L2 cohomology. There are several
instances of zero torsion Lp cohomology. See [P] for p 6= 2 case.
Let us consider the case p = 2. By use of Hilbert space structure,
there has been discovered many examples with zero torsion. Below let
us list some of them.
3.3.1. Ka¨hler hyperbolic manifolds. Let (M,ω) be a compact Ka¨hler
manifold, and assume that the lift of the Ka¨bler form ω˜ over the univer-
sal covering spaceX represents zero in the second de Rham cohomology
H2(X ;R) so that it can be given as ω˜ = d(η) for some η ∈ C∞(X ; Λ1).
η cannot be Γ = π1(M) invariant, since then ω would be an exact form
on M .
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Lemma 3.5 (G). Suppose ||η||L∞(X) < ∞ is finite. Then the L2 de
Rham differentials have closed range.
Moreover it satisfies the Singer conjecture.
See 1.3 and also remark 2.11 on Singer conjecture.
3.3.2. Zero torsion with positive scalar curvature. Let us present an ex-
ample of four manifolds with positive scalar curvature whose universal
covering spaces have zero torsion.
Lemma 3.6. Let X and Y be complete Riemannian manifolds of di-
mension 2, where X is non compact and Y is compact. Suppose the de
Rham differentials have closed range over X.
Then the AHS complex over X × Y also has closed range.
The following argument is quite straightforward, and can be applied
to more general cases.
Proof. Step 1: It follows from lemma 3.4 that d+ also has closed range
if d is the case on 1 forms. So it is enough to verify closedness of d over
both 0 and 1 forms.
Notice that C∞c (X × Y ) ⊂ L2(X × Y ) is dense and L2(X × Y ) =
L2(X)⊗L2(Y ) holds, where the right hand side is Hilbert space tensor
product.
Let { fλ }λ and { uλ }λ be the spectral decompositions of L2 zero and
one forms on Y with respect to the Laplacians with their eigenvalues
λ2. One can decompose as uλ = dαλ + d
∗ωλ.
Step 2: Let us consider the case of 0 forms. Let us decompose
α1 =
∑
λ aλ ⊗ fλ and α2 =
∑
λ gλ ⊗ bλ. Then
||α||2L2
k
=
∑
λ
λ2(k−j)
k∑
j=0
(||aλ||2L2j ||fλ||
2
L2 + ||gλ||2L2j ||bλ||
2
L2).
Let α ∈ L2k(X × Y ; Λ1) be in the image:
d(L2k+1(X × Y )) ⊂ (d(L21(X))⊗ L2(Y ))⊕ (L2(X)⊗ d(L21(Y )))
and decompose as α = α1 + α2 ∈ L2k(X × Y ; Λ1(X)⊕ Λ1(Y )). Notice
that the right hand side is defined since both d(L21(X)) and d(L
2
1(Y ))
are closed in L2.
Suppose both aλ = dgλ and bλ = dfλ hold. Notice two properties:
||dfλ||2L2 = λ2||fλ||2L2, ||dgλ||L2j ≥ C||gλ||L2j+1.
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Now we have the bounds:
||α||2L2
k
= ||d
∑
λ
gλ ⊗ fλ||2L2
k
=
∑
λ
λ2(k−j)
k∑
j=0
(||dgλ||2L2
j
||fλ||2L2 + ||gλ||2L2
j
||dfλ||2L2)
=
∑
λ
λ2(k−j)
k∑
j=0
(||dgλ||2L2j ||fλ||
2
L2 + λ
2||gλ||2L2j ||fλ||
2
L2)
≥ C
∑
λ
λ2(k−j)
k∑
j=0
||gλ||2L2j+1||fλ||
2
L2 +
∑
λ6=0
λ2(k+1−j)
k∑
j=0
||gλ||2L2j ||fλ||
2
L2
= C
k∑
j=0
||gλ||2L2j+1||fλ||
2
L2
k−j
+
∑
λ6=0
λ2(k+1−j)
k∑
j=0
||gλ||2L2j ||fλ||
2
L2
≥ C ′
k+1∑
j=0
||gλ||2L2j ||fλ||
2
L2
k+1−j
= C ′||
∑
λ
gλ ⊗ fλ||2L2
k+1
.
This verifies that d has closed range on zero forms over X × Y .
Step 3: Let us verify a general fact. Let f : H → W = W1 ⊕W2
be a linear map between Hilbert spaces, and suppose that both the
compositions with the projections fi : H → Wi have closed ranges.
Then we claim that f itself has closed range.
To see this, one may replace both W1 and W2 by the images f1(H)
and f2(H) respectively since the image of f is contained in f1(H) ⊕
f2(H). So one may assume that both f1 and f2 are surjective.
Then there is a positive constant C > 0 such that the estimates hold:
||f ∗l (ul)|| ≥ C||ul||
for their adjoint operators f ∗l : Wl → H and any ul ∈ Wl.
Notice the equality:
f ∗ = f ∗1 ⊕ f ∗2 :W =W1 ⊕W2 → H
So the estimate also holds:
||f ∗(u)|| ≥ C||u||
for any u ∈ W . This implies that f has closed range.
This verifies the claim.
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Step 4: Let us consider the case of one forms. Let u ∈ L2k(X ×
Y ; Λ0(X)⊕ Λ1(Y )) and consider w = du. Decompose
u =
∑
λ
fλ ⊗ uλ
=
∑
λ
fλ ⊗ (αλ + d∗ωλ)
where αλ are of the form dhλ for λ 6= 0. Then:
du =
∑
λ
dfλ ⊗ uλ +
∑
λ
fλ ⊗ duλ
∈ L2k−1(X × Y ; Λ1(X)⊗ Λ1(Y ))⊕ L2k−1(X × Y ; Λ0(X)⊗ Λ2(Y ))
=
∑
λ
dfλ ⊗ αλ +
∑
λ
dfλ ⊗ d∗ωλ +
∑
λ
fλ ⊗ dd∗ωλ.
It is enough to see closeness of the differential on each term above
from step 3. Let us consider the restriction of the differential to the
first term:
d : u =
∑
λ
fλ ⊗ αλ ∈ L2k(X × Y ; Λ0(X)⊗ Λ1(Y ))
→ du =
∑
λ
dfλ ⊗ αλ ∈ L2k−1(X × Y ; Λ1(X)⊗ Λ1(Y ))
This has closed range since d is closed on X , and hence have a bound
||dfλ||L2
k−1
≥ C||fλ||L2
k
.
Let us verify that closeness of the differential on the rest terms:
d : u =
∑
λ
fλ ⊗ d∗ωλ ∈ L2k(X × Y ; Λ0(X)⊗ Λ1(Y ))
→ du =
∑
λ
dfλ ⊗ d∗ωλ + fλ ⊗ dd∗ωλ
∈ L2k−1(X × Y ; Λ1(X)⊗ Λ1(Y )⊕ Λ0(X)⊗ Λ2(Y ))
Notice the equalities:
||dd∗ωλ||2L2 =< dd∗ωλ, dd∗ωλ >=< d∗dd∗ωλ, d∗ωλ >= λ2||d∗ωλ||2L2.
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Then we have the estimates:
||du||2L2
k−1
=
∑
λ
λ2(k−1−j)
k−1∑
j=0
||dfλ||2L2j ||d
∗ωλ||2L2
+
∑
λ
λ2(k−1−j)
k−1∑
j=0
||fλ||2L2j ||dd
∗ωλ||2L2
=
∑
λ
λ2(k−1−j)
k−1∑
j=0
||dfλ||2L2j ||d
∗ωλ||2L2 +
∑
λ
λ2(k−j)
k−1∑
j=0
||fλ||2L2j ||d
∗ωλ||2L2
≥ C
∑
λ
λ2(k−1−j)
k−1∑
j=0
||fλ||2L2j+1||d
∗ωλ||2L2 +
∑
λ
λ2(k−j)
k−1∑
j=0
||fλ||2L2j ||d
∗ωλ||2L2
≥ C ′||u||2L2
k
.
Step 5: Let us consider the case:
u =
∑
λ
vλ ⊗ gλ ∈ L2k(X × Y ; Λ1(X)⊗ Λ0(Y )).
Let us decompose vλ = αλ + d
∗ωλ with dαλ = 0.
By a similar argument as step 4 the compositions of the projections
with the differential:
pr ◦ d : L2k(X × Y ; Λ1(X)⊗ Λ0(Y ))→ L2k(X × Y ; Λ2(X)⊗ Λ0(Y )),
pr’ ◦ d : L2k(X × Y ; Λ1(X)⊗ Λ0(Y ))→ L2k(X × Y ; Λ1(X)⊗ Λ1(Y ))
have both closed range.
Step 6: Let us consider the final case, which is a linear combinations
of step 4 and 5. Let us consider the case:
u =
∑
λ
vλ ⊗ gλ + fλ ⊗ uλ
∈ L2k(X × Y ; Λ1(X)⊗ Λ0(Y )⊕ Λ0(X)⊗ Λ1(Y )).
Again, one can obtain closeness of the differential by checking the prop-
erty for each degree of the differential forms on Λ∗(X)⊗Λ∗(Y ) by step
3. The only remaining case to be checked is closeness of the image in
Λ1(X)⊗ Λ1(Y ).
Let us consider the differential:
d : u =
∑
λ
αλ ⊗ gλ + fλ ⊗ βλ →
∑
λ
αλ ⊗ dgλ + dfλ ⊗ βλ
where both dαλ = 0 and dβλ = 0 hold.
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One can check closedness of d on the restrictions:
u =
∑
λ
hλ ⊗ gλ + fλ ⊗ h′λ
where both hλ and h
′
λ are harmonic one forms.
Let us consider the rest case:
d : u =
∑
λ
dg′λ ⊗ gλ + fλ ⊗ df ′λ →
∑
λ
dg′λ ⊗ dgλ + dfλ ⊗ df ′λ
But its image coincides with the one:
d : u =
∑
λ
f ′λ ⊗ dfλ →
∑
λ
df ′λ ⊗ dfλ
which has also closed range by a similar argument as step 2.
This finishes all the cases.

In particular, Σg×S2 satisfy two conditions that the AHS complexes
over their universal overing spaces have closed range and the Dirac
operators are invertible for all g ≥ 2.
Let us compute the Γ indices of the AHS complex over H× S2 with
Γ = π1(Σg) actions. Let us denote byH
∗
Γ(Σg×S2) as the L2 cohomology
group H∗(H2 × S2) equipped with Γ = π1(Σg) actions.
Lemma 3.7. For any g ≥ 2, the L2 cohomology H∗Γ(Σg × S2) are zero
for ∗ = 0, 2 and satisfy the formulas:
dimΓ H
1
Γ(Σg × S2) = 2g − 2.
Proof. Step 1: A harmonic function over complete non compact man-
ifold is zero, and hence H0Γ(Σg) = 0. By Hodge duality, any harmonic 2
forms onH2 are also zero. It follows from the Atiyah’s Γ index theorem
that the formula holds:
dimΓ H
1
Γ(Σg) = 2g − 2.
Since H1Γ(Σg) is isomorphic to the space of L
2 harmonic one forms, we
have the estimate:
dimΓ H
1
Γ(Σg × S2) ≥ 2g − 2.
Step 2: We claim that the above estimate is actually equal. Let
α ∈ L2(H2 × S2; Λ1) be an L2 harmonic one form, and decompose:
α = α1 + α2
with respect to Λ1(H2 × S2) ∼= Λ1(H2) ⊗ Λ0(S2) ⊕ Λ0(H2) ⊗ Λ1(S2).
Notice that each component αi ∈ L2k(H2 × S2; Λ1) hold for any k ≥ 0.
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It follows from d(α) = 0 that
d1(α1) = 0, d2(α2) = 0
hold where di are the differentials with respect to i-th components.
Since H1(S2) = 0 holds, there is a function f2 over H
2 × S2 with
α2 = d2(f2). One may assume f2 ∈ L2k, since S2 is compact.
There is a function g : S2 → R with
α1 = gh1 + d1f1
where h1 is an L
2 harmonic one form over H2, where f1 also lies in
L2k(H
2 × S2), since d1(α1) = 0 vanishes.
It follows from the equality d2α1+ d1α2 = 0 that the equality holds:
d2g ∧ h1 + d2d1f1 + d1d2f2 = 0.
Then d2g = 0 holds by algebraic relation, and hence g is a constant.
So gh1 is an L
2 harmonic one form over H2 × S2, and hence can be
eliminated from α.
It follows from the equality dα = 0 that d1d2(f1+ f2) ≡ d1d2(f) = 0
holds. There is a spectral decomposition of d2f =
∑
λ aλuλ over S
2,
where aλ are functions over H
2. Then d1aλ = 0 follows, and hence
aλ are all constants. But since d2f ∈ L2k−1, this implies d2f = 0 =
d2f1 + α2 holds. So α has the form α = d1f − d2f .
Notice the equalities:
< d∗d1(f), g >H2×S2=< d1(f), d(g) >=< d1(f), d1(g) >H2×S2
=
∫
S2
< d1(f), d1(g) >H2=
∫
S2
< d∗1d1(f), g >H2=< d
∗
1d1(f), g >H2×S2
Hence d∗d1(f) = d∗1d1(f) holds. Similar for d2. Since d
∗(α) = 0 holds,
the equality:
∆1(f) = ∆2(f)
must hold.
Step 3: Now we claim that f must vanish, if it satisfies the above
equality. It is known that ∆1 has continuous spectra only over (0,∞),
while ∆2 has discrete spectra.
Let {ui}i=0,1,... be the complete set of eigen functions on S2 with their
eigenvalues λi. Then any function u ∈ L2(S2) can be expressed as a
sum:
u =
∞∑
i=0
aiui, ai ∈ R.
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Then for any f ∈ L2(H2 × S2), it admits the decomposition:
f =
∞∑
i=0
fi ⊗ ui, fi ∈ L2(H2).
Now apply ∆ on both sides, and obtain the equalities:
∆2(f) =
∞∑
i=0
λifi ⊗ ui
= ∆1(f) =
∞∑
i=0
∆1(fi)⊗ ui.
This implies that the equalities:
∆1(fi) = λifi
must hold for all i. This implies that ∆1 has eigenvalues, if f is non
zero. This cannot happen, and so the equality f = 0 follows.
This verifies our claim.
Step 4: Notice that b2+(Σg × S2) = 1 holds, whose element is given
by the sum of their volume 2 forms on Σg and S
2. In particular the
indices of the AHS complexes over Σg×S2 is 2−2g. Then the conclusion
follows by the Atiyah’s Γ index theorem.

3.4. Some estimates over non compact four manifolds. In order
to apply Lp estimates over non compact spaces, let us induce some basic
inequalities. Let M be a compact four manifold and X = M˜ be the
universal covering space with Γ = π1(M).
Lemma 3.8. For p ≥ 2, the global Sobolev embeddings hold:
Lpi+1(X) ⊂ L2pi (X)
Proof. For the proof, see [Ei], Chapter 1 Theorem 3.4.
We include a proof for convenience. Let K ⊂ X be a fundamen-
tal domain. Then the local Sobolev estimate gives the embedding
Lpi+1(K) ⊂ L2pi (K) in lemma 3.2(1).
Now take a ∈ Lpi+1(X). Then we have the estimate:
||a||Lpi+1(γ(K)) ≥ c||a||L2pi (γ(K))
where c is independent of γ ∈ Γ. So we have the estimates:
||a||2p
L
2p
i
(X)
= Σγ∈Γ||a||2p
L
2p
i
(γ(K))
≤ cΣγ∈Γ||a||2pLpi+1(γ(K))
≤ c(Σγ∈Γ||a||pLpi+1(γ(K)))
2 = c||a||2p
L
p
i+1(X)
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
Corollary 3.9. Let p = 2l ≥ 2.
(1) The embeddings hold:
Hm,p(X) ⊃ Hm,2(X)
between Lp and L2 harmonic m-forms.
Proof. Let p = 2l. It follows from lemma 3.8 that the embeddings hold:
L2i+l−1(X) ⊂ L2
2
i+l−2(X) ⊂ · · · ⊂ Lpi (X)
Then the conclusion holds since Lp harmonic forms have finite Sobolev
norms in all Lpk. 
Remark 3.10. One wanders the converse embedding. So far such
analysis does not seem to be developed so much, even though it is a
quite basic subject.
3.5. Lp closedness. Let us take a ∈ L2k(X ; Λ1) for some large k >> 1.
It follows from lemma 3.8 that a ∈ Lp1(X ; Λ1) ∩ L2p1 (X ; Λ1) for p = 2l
with l ≤ k−1. Suppose the following conditions hold for some constants
C and ǫ0 > 0, and compact subset K ⊂ X :
(1) ||a||Lp
1
(X) ≤ C, (2) ||a||Lp(K) ≥ ǫ0, (3) d∗(a) = 0
Lemma 3.11. (α) Suppose the above three conditions (1), (2), (3), and
denote L2 harmonic part by aharm ∈ H1,2.
Then one of the following criterions hold; the estimates hold:
||a||L2p
1
(X) ≤ c (||d+a||L2p(X) + ||a||harm)
for some c > 0 independent of a, or there is a sequence {ai}i as above
such that they weakly converge in Lp1 ∩ L2p1 to a non zero element in
H1,p ∩ H1,2p, but not in H1,2.
(β) Suppose the above condition (3). Then the estimate holds:
||a||
L
2p
1
(X) ≤ c (max{||d+a||L2p(X), ||a||Lp1(X) }+ ||a||harm).
Proof. Let us verify (α). Assume that a family {ai}i with the above
conditions, satisfy the following property:
||ai||L2p
1
(X) = δ
−1
i (||d+(ai)||L2p(X) + ||a||harm)
for some δi → 0.
Let us divide into two cases;
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(a) suppose ||ai||L2p
1
(X) are uniformly bounded. Then both conver-
gence ||d+(ai)||L2p(X), ||ai||harm → 0 hold. Then {ai}i weakly converge
to some a ∈ L2p1 (X ; Λ1) ∩ Lp1(X ; Λ1) with d+(a) = 0, aharm = 0 and
d∗(a) = 0. Notice that Lp spaces are reflective for 1 < p <∞.
Moreover the restriction ai|K strongly converge to a|K in Lp. It
follows from the condition (2) above that a is non zero and hence gives
a non trivial element in H1,p ∩ H1,2p, but not in H1,2.
(b) Assume ||ai||L2p
1
(X) →∞. Then the estimates hold:
||ai||L2p
1
(X) ≤ c(||d+(ai)||L2p(X) + ||ai||L2p(X))
≤ c{ δi||ai||L2p
1
(X) + ||ai||L2p(X) }
where the first inequality comes from the elliptic estimate. In particular
the inequality holds:
||ai||L2p
1
(X) ≤ c′||ai||L2p
It follows from lemma 3.8 that the estimate must hold:
||ai||L2p
1
(X) ≤ c′||ai||L2p ≤ c′′||ai||Lp1 .
Since the left hand side diverges, while ||ai||Lp
1
are uniformly bounded
by the condition (1). So the case (b) does not happen.
Next consider (β). If the former conclusion of (α) holds, then we are
done. Otherwise we can take a decreasing sequence δi → 0 as in the
above proof. Then the same estimates as above give the inequality:
||ai||L2p
1
(X) ≤ c ||ai||Lp1(X).
The conclusion is just combination of these cases. 
Remark 3.12. For our purpose of analysis of the covering monopole
map in section 4, any p > 2 suffices, while p = 2 case is not enough.
We will use β only later.
3.5.1. Spectral analysis approach. Let D : C∞c (X)→ C∞c (X) be a first
order differential operator such that its extension to the Sobolev space
D : L2k(X)→ L2k−1(X) has closed range.
Let p = 2i be power of 2 for i ≥ 1. One considers another extension
D : Lpk(X) → Lpk−1(X) and wants to decide whether they have closed
range for p ≥ 2. One possible approach will be to use the spectral
decomposition of ∆ = D∗D over L2 space. By the assumption, there is
a spectral gap near zero so that E((0, δ]) = φ for some positive δ > 0,
where E is the spectral density function of ∆. Let E1, E2 ⊂ L2k(X)
be the closed linear subspaces with L2k(X) = E1 ⊕ E2 such that they
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are spanned by the vectors in E([δ,∞)) and the harmonic L2 functions
respectively.
It follows from lemma 3.8 that there is l such that Lpl (X) is the
linear closure of L2k(X) and hence of E1 ⊕ E2. E1 ⊂ Lpl (X) lies in the
kernel of ∆, and the restriction of ∆ on E2 can be expressed by the
spectral decomposition ∆|E2 =
∫∞
δ
λdEλ for some positive δ > 0. So
it amounts to see possibility to extend the functional calculus of the
operator on Lp spaces over E2 by
∫∞
δ
λ−1dEλ.
3.6. Multiplication estimates. Let X = M˜ be the universal cover-
ing space of a compact four manifold M with π1(M) = Γ, and K ⊂ X
be a fundamental domain.
Lemma 3.13. The multiplication:
L2k(X)⊗ L2k(X)→ L2m(X)
is bounded for m ≤ k with k ≥ 3, or m < k with k ≥ 1.
Proof. For the proof, we refer [Ei] Chapter 1, Theorem 3.12. We include
its proof for convenience.
Let us take a, b ∈ L2k(X) with a =
∑
γ∈Γ aγ with aγ ∈ L2k(γ(K)). By
corollary 3.3, the local Sobolev multilication gives the estimates:
||aγbγ ||L2m ≤ C||aγ||L2k||bγ||L2k
where C is independent of γ ∈ π1(M). So
||ab||2L2m(X) =
∑
γ
||aγbγ ||2L2m
≤ C
∑
γ
||aγ||2L2
k
||bγ||2L2
k
≤ C(
∑
γ
||aγ||L2
k
)2(
∑
γ
||bγ ||L2
k
)2
= ||a||2L2
k
(X)||b||2L2
k
(X).

Lemma 3.14. Let m > 2. If two elements a, b ∈ L22m(X) with
||a||L2
2m(X)
= ||b||L2
2m(X)
= 1 satisfy uniformly small estimates:
||a||L2
2m(γK)
, ||b||L2
2m(γK)
< ǫ
for all γ ∈ Γ, then there is some constant C = CK independent of ǫ > 0
such that the estimate:
||ab||L2
2m(X)
< Cǫ
holds.
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Proof. It follows from the local Sobolev embedding L22m →֒ Cm in
lemma 3.2(2) that the estimates:
||a||Cm(X), ||b||Cm(X) < Cǫ
hold.
Consider the absolute values of the derivatives for l ≤ 2m:
|∇l(ab)| ≤ Σls=0 |∇s(a)| |∇l−s(b)|
where each component in the right hand side satisfies the property that
one of s or l−s is less than or equal to m. Suppose s ≤ m holds. Then
we have the estimates:
|∇s(a)|2 |∇l−s(b)|2 ≤ C2ǫ2|∇l−s(b)|2
≤ C2ǫ2(|∇s(a)|2 + |∇l−s(b)|2)
We can obtain the same estimate when l − s ≤ m holds by the same
argument.
So in any case the estimates hold:
|∇l(ab)|2 ≤ C ′ǫ2Σls=0(|∇s(a)|2 + |∇s(b)|2)
Now we obtain the estimate by integration:
||ab||L2
2m(X)
≤ Cǫ(||a||L2
2m(X)
+ ||b||L2
2m(X)
).

Corollary 3.15. Take two elements b ∈ L2m(X) and a ∈ L22m(X), and
assume a satisfies the uniformly small estimate:
||a||L2
2m(γK)
< ǫ
for all γ ∈ Γ. Then there is some constant C = CK such that the
estimate:
||ab||L2m(X) < Cǫ||b||L2m(X)
holds.
Proof. Consider the absolute values of the derivatives for l ≤ m:
|∇l(ab)| ≤ Σls=0 |∇s(a)| |∇l−s(b)|.
Then the same argument as above gives the estimate:
|∇l(ab)|2 ≤ C ′ǫ2Σls=0|∇s(b)|2
Hence we obtain the estimates:
||ab||L2m(X) ≤ Cǫ||b||L2m(X).

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Remark 3.16. Let K ⊂ X be a fundamental domain, and choose a
finite set γ¯ ≡ {γ1, . . . , γm} ⊂ π1(M) = Γ. For positive constant ǫ > 0,
let us put:
H ′(ǫ, γ¯) ≡ { w ∈ L2k(X ;E) = H ′ : ||w||L2k(γK) < ǫ, γ /∈ γ¯ }.
(1) For any r and r ball Dr ⊂ H ′, there is some m such that the
embedding Dr ⊂ H ′(ǫ,m) ≡ ∪γ¯∈Γm H ′(ǫ, γ¯) holds.
(2) By lemma 3.14, there is a constant C such that the covering
Seiberg-Witten map restricts as:
F : H ′(ǫ, γ¯)→ H(Cǫ, γ¯).
3.7. Locality of linear operators. Let K ⊂ X be a compact subset.
Suppose l : L2k(X) → L2k−1(X) is a differential operator of first order,
and consider its restriction:
l : L2k(K)0 → L2k−1(K)0
between the Sobolev spaces on a compact subset K. Let us take an
element w ∈ l(L2k(X)) ∩ L2k−1(K)0, and ask when w lies in the image
l(L2k(K)0). In general it is not always the case. Later when we consider
properness of the covering monopole map, we shall use projections to
the Sobolev spaces on compact subsets. Here let us observe a general
analytic property.
Let us introduce a K-spill e(w) ∈ [0,∞) as:
e(w;K) = inf
v∈L2
k
(X)
{ ||v||L2
k
(Kc) : l(v) = w }.
Let K0 ⊂⊂ K1 ⊂⊂ K2 ⊂ · · · ⊂ X be exaustion.
Lemma 3.17. Suppose l : L2k(X) → L2k−1(X) is injective with closed
range. Choose wi ∈ L2k−1(Ki)0 ∩ l(L2k(X)) which converge to w ∈
L2k−1(X).
Then the spills go to zero:
e(wi;Ki)→ 0.
Proof. By the assumption, there are vi ∈ L2k(X) which converge to
v ∈ L2k(X) with l(vi) = wi and l(v) = w. For small ǫ > 0, there
is i0 such that ||w − wi||L2
k−1
(X) < ǫ hold for i ≥ i0. It follows from
the assumption on l that the estimates ||v − vi||L2
k
(X) ≤ Cǫ hold for a
constant C.
Suppose there could exist δ > 0 with e(wi;Ki) ≥ δ. Then we have
the estimates:
||v||L2
k
(Kci )
≥ ||vi||L2
k
(Kci )
− ||v − vi||L2
k
(Kci )
≥ δ − Cǫ > 0
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for all sufficiently large i, which cannot happen. 
3.8. More Sobolev estimates. Here we verify the Sobolev estimate,
which improves the original version to a most general way. The esti-
mate will not be used in later sections.
Lemma 3.18. Suppose (1) k − 4
p
≥ l − 4
q
with k ≥ l, and (2) p ≤ q.
Then the embeddings hold:
Lpk(X) ⊂ Lql (X)
over the universal covering space X = M˜ of a compact 4 manifold.
Proof. For the proof, we refer [Ei] Chapter 1, Theorem 3.4. We include
its proof for convenience.
It follows from the assumption (1) that the local Sobolev embedding
(Lpk)loc ⊂ (Lql )loc holds by lemma 3.2(1).
Take a ∈ Lpk(X). Then we obtain the estimate:
(||a||Lp
k
(X))
q = (Σγ∈Γ ||a||pLp
k
(γ(K))
)
q
p ≥ c(Σγ∈Γ ||a||pLq
l
γ(K))
)
q
p
We want to verify the inequality:
(Σγ∈Γ ||a||pLq
l
γ(K))
)
q
p ≥ Σγ∈Γ ||a||qLq
l
γ(K))
The following sub lemma finishes the proof of lemma. 
Sublemma 3.19. Let {ai}∞i=0 be a non negative sequence. Then the
estimates: ∑
i
ai ≤ (
∑
i
at
−1
i )
t
hold for t ≥ 1.
Proof. It is enough to verify the estimates:
N∑
i=0
ai ≤ (
N∑
i=0
at
−1
i )
t
for all N .
Let N = 2, and verify the estimate:
a0 + a1 ≤ (at−10 + at
−1
1 )
t.
One may assume a0 ≤ a1, and then may assume a0 = 1 by multiplying
a−10 on both sides. Then the estimate 1 + a1 ≤ (1 + at−11 )t for a1 ≥ 1 is
rewritten as 1 + at ≤ (1 + a)t for a = at−11 ≥ 1 and t ≥ 1. It certainly
holds when t is positive integer by the Taylor expansion. Suppose t = p
q
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with positive integers p, q, and put b = aq
−1 ≥ 1. Then the estimate is
given by (1 + bq)q ≤ (1 + bp)p. f(s) = (1 + bs)s is monotone increasing
function, since (log f)(s) = s log(1+ bs) is the case for b ≥ 1 and s ≥ 1.
In particular the inequality 1+at ≤ (1+a)t hold for all t ∈ [1,∞)∩Q.
By continuity, the same estimate holds for all t ∈ [1,∞).
Suppose the estimate hold up to N − 1. Then:
N∑
i=0
ai ≤ (
N−1∑
i=0
at
−1
i )
t + aN ≤ (
N−1∑
i=0
at
−1
i + a
t−1
N )
t = (
N∑
i=0
at
−1
i )
t
So the induction step finishes. 
4. Properness of the monopole map
A metrically proper map between Hilbert spaces satisfies the prop-
erty that pre-image of a bounded set is also bounded. In order to
construct a finite dimensional approximation method, one needs an-
other property of the map that the restriction on any bounded set is
proper. Both properties are satisfied for the monopole map over a com-
pact manifold, since it is Fredholm. It is called strongly proper, if such
two properties are satisfied.
In our case the base space is non compact, and we will verify lo-
cally strong properness under the assumption of closedness of the AHS
complex. This also works for the construction of a finite dimensional
approximation method.
In section 4, we always assume k ≥ 3 whenever we denote L2k. Let
us fix a solution (A0, ψ0) to the Seiberg-Witten equation over M and
choose the pair as the base point of the covering monopole map.
In this section, we shall verify the following property:
Theorem 4.1. Suppose the AHS complex is closed over X = M˜ .
Then it is locally strongly proper so that it is strongly proper over
each compact subset K ⊂ X:
µ˜ : L2k(K; S˜
+)0 ⊕ L2k(X ; Λ1 ⊗ iR) ∩ Ker d∗
→ L2k−1(K; S˜−)0 ⊕ L2k−1(X ; Λ2+ ⊗ iR)⊕H1(X)
(ψ, a)→ (DA˜0+aψ, d+(a)− σ(ψ˜0, ψ), [a]).
If the linearized operator of the covering monopole map gives an
isomorphism, then the AHS complex has closed range. Hence in such
case the conclusion holds. Such stronger condition is required when
the construction of Clifford C∗ algebra is involved.
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Proof. Step 1: Let us consider properness on the restriction on bounded
sets. The non linear term is is given by:
c : (ψ, a)→ (aψ, σ(ψ)).
We claim that it is compact mapping so that it maps bounded set into
a relatively compact subset.
Let us take another compact subset K ⊂⊂ K ′ and ϕ : K ′ → [0, 1]
be a smooth cut off function with ϕ|K ≡ 1 and it vanishes near the
boundary of K ′. Then the multiplication by ϕ satisfies the inclusion:
ϕ Ker d∗ ⊂ L2k(K ′; Λ1 ⊗ iR)
Then c factors through the multiplication:
(id, ϕ) : L2k(K; S˜
+)0 ⊕ Ker d∗ → L2k(K; S˜+)0 ⊕ L2k(K ′; Λ1 ⊗ iR),
c : L2k(K; S˜
+)0 ⊕ L2k(K ′; Λ1 ⊗ iR)→ L2k−1(K; S˜−)0 ⊕ L2k−1(K ′; Λ2+ ⊗ iR).
The former map is linear and bounded. The second one is proper,
since it factors through L2k by lemma 3.13 and the inclusion L
2
k(K
′)0 →֒
L2k−1(K
′)0 is compact.
Step 2: To see properness of µ˜ on the restriction to a compact subset
K, it is enough to see properness of its linear term. The linear term is
given by:
(ψ, a)→ (DA˜0ψ, d+(a)− σ′(ψ˜0, ψ), [a])
where σ′(ψ˜0, ψ) = σ′(ψ˜0, ψ)− σ(ψ).
It follows from closedness of d+ that a→ (d+(a), [a]) is proper. Since
the term σ′(ψ˜0, ψ) does not involve a, it is enough to see properness of
DA˜0ψ. Surely properness holds on any bounded sets over K, since DA˜0
is an elliptic operator.
Step 3: Let us consider metrically properness. This follows from
combination of lemma 4.7 and proposition 4.9 with lemma 4.10 which
is a version of lemma 4.4. These are all verified later in this chapter. 
We verify global properness for a particular class, which is stronger
than locally strong properness.
Proposition 4.2. Suppose the AHS complex has closed range over
X = M˜ whose second L2 cohomology H2AHS(X) = 0 vanishes.
If the metric on M has positive scalar curvature, the covering mono-
pole map is metrically proper and locally proper on each bounded set.
We shall present examples which satisfy the above conditions. Ac-
tually S2 × Σg are the cases for all g ≥ 2.
We have already seen the latter property above, and hence need only
to verify metrically properness.
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Our strategy is the following. Assume the AHS complex is closed.
Then we verify:
(1) metrical properness for k = 1 under the assumption of existence
of a metric of positive scalar curvature (lemma 4.4),
(2) locally metrical properness for k = 1 (lemma 4.10),
(3) (locally) metrical properness for k ≥ 1 under the additional two
assumptions of (local) L∞ bound and (locally) metrical properness for
k = 1 (lemma 4.7),
(4) local L∞ bound (proposition 4.9).
Remark 4.3. Let D ⊂M be a small ball. There exists a Riemannian
metric g such that its scalar curvature is positive except D [KW ]. One
may assume that the lift D˜ ⊂ X satisfies that γ(D˜) ∩ D˜ = φ for all
γ 6= id. Let us put D¯ ≡ ∪γ∈Γγ(D˜).
Assume that µ˜ could be metrically non proper, and choose µ˜(xi) = yi
such that ||yi|| ≤ c < ∞ while ||xi|| → ∞. Let ϕ be a cut off function
with ϕ|D¯ ≡ 1 and zero outside a small neighborhood of D¯. Both two
families µ˜|{(1 − ϕ)xi}i and µ˜|{ϕxi}i must be proper (see lemma 4.4
below and 2.2), and hence {xi}i should be unbounded near the boundary
of some γ(D¯) and γ ∈ Γ.
4.1. Positive scalar curvature metric. Let us verify metrical proper-
ness of the covering monopole map, in the case when (1) the base man-
ifold M admits a metric of positive scalar curvature and (2) the AHS
complex over X = M˜ is closed.
Let us fix a reducible solution (A0, 0) to the Seiberg-Witten equation
over M and choose the pair as the base point of the covering monopole
map.
Lemma 4.4. Suppose the AHS complex has closed range over X = M˜ .
If M admits a Riemannian metric of positive scalar curvature, then the
covering monopole map:
µ˜ : L21((X, g); S˜
+ ⊕ Λ1 ⊗ iR) ∩ Ker d∗ →
L2((X, g); S˜− ⊕ Λ2+ ⊗ iR)⊕H1(X)
(φ, a)→ (FA˜0,0(φ, a), [a])
is metrically proper, where H1(X) is the first L2 cohomology group.
Proof. Let us put µ˜(φ, a) = (ϕ, b, h), and denote A = A˜0 + a.
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Step 1: We have the pointwise equalities:
(FAφ, φ) = (F
+
A φ, φ) = ((F
+
A − σ(φ))φ+ σ(φ)φ, φ)
= (bφ, φ) +
|φ|4
2
since FAφ = F
+
A φ holds.
SupposeM admits a Riemannian metric of positive scalar curvature.
Then it follows from the Weitzenbock formula:
D2A(φ) = ∇∗A∇A(φ) +
κ
4
φ+
FA
2
φ
that the estimates hold:
||DA(φ)||2L2 + ||b||L2||φ||2L4 ≥ δ||φ||2L2 +
1
4
||φ||4L4 ≥
1
4
||φ||4L4
for some positive δ > 0. In particular there is c = c(||ϕ||L2, ||b||L2) such
that the bound:
||φ||L4 ≤ c
holds. By use of another estimate:
||ϕ||2L2 + ||b||L2||φ||2L4 ≥ δ||φ||2L2 +
1
4
||φ||4L4 ≥ δ||φ||2L2
we obtain L2 estimate:
||φ||L2 ≤ c′(||ϕ||L2, ||b||L2, δ)
Step 2: It follows from the equality d+(a) = b+ σ(φ) that we have
the estimates:
||a||L2
1
≤ c(||d+(a)||L2 + ||aharm||L2)
≤ c(||b||L2 + ||φ||L4 + ||h||L2)
Combinig with step 1, we have the estimate:
||a||L2
1
≤ c(||ϕ||L2, ||b||L2, ||h||L2, δ)
Step 3: It follows from the embedding L21 ⊂ L4 in lemma 3.8 that
we have the estimates:
||aφ||L2 ≤ ||a||L4||φ||L4 <∞
Then we have the estimates:
||DA˜0(φ)||L2 ≤ ||DA(φ)||L2 + ||aφ||L2 <∞
It follows from the elliptic estimate that we have the bounds of φ in
L21:
||φ||L2
1
≤ c(||ϕ||L2, ||b||L2, ||h||L2, δ)

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Remark 4.5. In order to induce higher Sobolev estimates, it is enough
to obtain the estimate of ||aφ||L2
1
. We can obtain the immediate esti-
mate
||aφ||L2
k
≤ Ck||a||L2
k
||φ||L2
k
for k ≥ 3, but it is not applied at k = 1. This forces us to use L∞
estimates later, which leads to Lp analysis.
Example 4.6. An immediate examples of closed four manifolds with
positive scalar curvature will be S4 or Σg×S2 with their metrics h+ ǫg
with small ǫ > 0, where h and g are both the standard metrics. For the
latter case the AHS complex over their universal covering spaces have
closed range by lemma 3.6.
4.2. Regularity under L∞ bounds. Let us take a solution (A0, ψ0)
to the Seiberg-Witten equation over M , and consider the covering
monopole map with the base (A0, ψ0).
Lemma 4.7. Assume the AHS complex has closed range.
Suppose the monopole map:
µ˜ : L21((X, g); S˜
+ ⊕ Λ1 ⊗ iR) ∩ Ker d∗ →
L2((X, g); S˜− ⊕ Λ2+ ⊗ iR)⊕H1(X)
(φ, a)→ (FA˜0,ψ˜0(φ, a), [a])
is metrically proper so that the preimage of r ball is included in C(r)
ball.
Assume moreover L∞ estimates are given:
||(φ, a)||L∞ ≤ c <∞.
Then the monopole map:
µ˜ : L2k((X, g); S˜
+ ⊕ Λ1 ⊗ iR) ∩ Ker d∗ →
L2k−1((X, g); S˜
− ⊕ Λ2+ ⊗ iR)⊕H1(X)
(φ, a)→ (FA˜0,ψ˜0(φ, a), [a])
is metrically proper so that the preimage of r ball is included in Ck(r)
ball where Ck are bounded in terms of k, C(r)and c.
Proof. Step 1: Let us take (φ, a) ∈ L2k((X, g); S˜+⊕Λ1⊗ iR)∩ Ker d∗,
and put µ˜(φ, a) = (ϕ, b, h). It follows from the assumption that both
||(φ, a)||L∞ and ||(φ, a)||L2
1
are bounded by a constant C = C(r) with
r = ||(ϕ, b, h)||L2
k−1
.
Step 2: We claim that:
aφ ∈ L21(X)
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holds and bounded by a constant C = C(r).
In fact firstly aφ ∈ L2(X) holds by L∞ bounds:
||aφ||L2 ≤ ||a||L∞||φ||L2 ≤ C(r)
Notice the equality ∇(aφ) = ∇(a)φ+ a∇(φ). Hence
||∇(aφ)||L2 ≤ ||φ||L∞||∇(a)||L2 + ||a||L∞||∇(φ)||L2 ≤ C(r).
This verifies the claim.
One may assume that the base solution [A0, ψ0] is smooth on M . So
||aψ˜0||L2
1
≤ C||a||L2
1
is bounded. Then since the left hand side of:
ϕ = DA(φ) + aψ˜0 = DA˜0(φ) + aφ+ aψ˜0
has L2k−1(X) norm less than r, it follows DA˜0(φ) ∈ L21(X) and hence
φ ∈ L22(X) by the elliptic estimate and the assumption.
Then φ ∈ L41(X) holds, since the embedding L22(X) ⊂ L41(X) holds
by lemma 3.8.
Let us denote σ(ψ˜0, φ) = σ(φ)+ l(ψ˜0, φ) (see lemma 2.2). We obtain
the estimates:
||∇σ(φ)||L2 ≤ ||∇(φ)||L4||φ||L4 ≤ ||φ||L4
1
||φ||L4 ≤ C(r),
||∇l(ψ˜0, φ)||L2 ≤ C(||φ||L2 + ||∇φ||L2) ≤ C||φ||L2
1
≤ C(r).
Since b = d+(a) − σ(ψ˜0, φ) has L2k−1(X) norm less than r, we have
obtained the bound ||d+(a)||L2
1
(X) ≤ C(r). Then ||a||L2
2
≤ C(r) follows
from closedness of the AHS complex.
Step 3: Let us verify that aφ ∈ L22(X) holds and bounded by a
constant C = C(r). Notice the equality
∇2(aφ) = ∇2(a)φ+ 2∇(a)∇(φ) + a∇2(φ)
The first and last terms have both bounded L2(X) norms by L∞ bounds
of (a, φ). For the middle one, we have the estimates:
||∇(a)∇(φ)||L2 ≤ ||∇(a)||L4||∇(φ)||L4 ≤ C||∇(a)||L2
1
||∇(φ)||L2
1
≤ C||a||L2
2
||φ||L2
2
where the last inequality holds by lemma 3.8. This verifies the inclusion
aφ ∈ L22(X).
The rest argument is parallel to step 2. DA˜0(φ) ∈ L22(X) and hence
φ ∈ L23(X). Since σ(ψ˜0, φ) ∈ L22(X) holds, we obtain d+(a) ∈ L22(X).
Then we have a ∈ L23(X) by closedness of the AHS complex. All their
norms are bounded by constants C(r).
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Step 4: We have verified a, φ ∈ L23(X). Now we can use somehow
simpler argument that the multiplication:
L23(X)× L23(X)→ L23(X)
is continuous in lemma 3.13 so that we can see the inclusion aφ ∈ L23(X)
immediately:
||aφ||2L2
3
(X) ≤ C||a||2L2
3
(X)||φ||2L2
3
(X) ≤ C(r).
Then we repeat the latter part of step 2, and obtain the inclusions
φ ∈ L24(X) and a ∈ L24(X).
The rest argument is parallel, and we obtain L2k(X) bound of (a, φ)
by a constant C(r). 
Remark 4.8. The above proof also verifies that one can restrict the
functional spaces to L21(K; S˜
+)0 ⊕ L21(X ; Λ1 ⊗ iR)0 ∩ Ker d∗, and still
obtains the same conlusion so that regularity on locally metrical proper-
ness holds.
4.3. L∞ estimates. Let us take a solution (A0, ψ0) to the Seiberg-
Witten equation over M , and consider the covering monopole map
with the base (A0, ψ0).
Let us take an element:
(φ, a) ∈ L2k((K ′, g); S˜+)⊕ L2k((X, g); Λ1 ⊗ iR) ∩ Ker d∗
and put µ˜(φ, a) = (ϕ, b, h) and r = ||(ϕ, b, h)||L2
k−1
, where K ′ ⊂ X is a
compact subset.
Proposition 4.9. Suppose that the AHS complex has closed range.
Then we have L∞ estimates:
(φ, a) ∈ L∞
in terms of r = ||(ϕ, b, h)||L2
k−1
and K ′.
Proof. We verify the conclusion when the base solution is reducible
(A0, 0) at step 2. The general case is verified at step 3.
Step 1: We claim that the uniform estimate holds:
||a||L8
1
≤ C(||d+(ai)||Lp(X) + r)
for at least one of p = 2, 4 or 8.
It follows from lemma 3.11(β) that the inequality holds:
||a||L8
1
(X) ≤ c (max{||d+a||L8(X), ||ai||L4
1
(X) }+ ||a||harm).
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By the same lemma again, we have another inequality:
||a||L4
1
(X) ≤ c (max{||d+a||L4(X), ||a||L2
1
(X) }+ ||a||harm)
≤ C(max{||d+a||L4(X), ||d+(a)||L2}+ ||a||harm)
where we have used the assumption of closeness of AHS complex for
k = 1 at the second inequality. So we have verified the claim by
combination of these two estimates.
Step 2: It follows from step 1 with the Sobolev estimate that the
uniform estimate holds:
||a||L∞ ≤ c||a||L8
1
≤ C(||d+(ai)||Lp(X) + ||aharm||+ r)
for at least one of p = 2, 4 or 8.
The Weitzenbo¨ck formula gives the equality:
D∗ADA = ∇∗A∇A +
1
4
s+
1
2
F+A
where s is the scalar curvature.
Now suppose the base point is reducible (A0, 0) over M . Let ∆ be
the Laplacian on functions. We have the point wise estimate (see [BF]
p12):
∆|φ|2 ≤ < 2D∗Aϕ−
s
2
φ− (b+ σ(φ))φ, φ > .
Then the point wise estimate:
∆|φ|2 + s
2
|φ|2 + 1
2
|φ|4 =< 2D∗
A˜0
ϕ, φ > + < 2aϕ, φ > − < bφ, φ >
≤ 2(||D∗
A˜0
ϕ||L∞ + ||a||L∞||ϕ||L∞)|φ|+ ||b||L∞|φ|2
holds by use of the equality σ(φ)φ = |φ|
2
2
φ.
By the assumption, there is a compact subset K ′ ⊂ X so that φ has
compact support inside K ′. Notice a priori estimate:
||φ||Lp(X) = ||φ||Lp(K ′) ≤ C||φ||L∞(K ′) = C||φ||L∞(X)
for some constant C = CK ′. Then combining with the equality d
+a =
b+ σ(φ), we have the estimates:
||a||L∞ ≤ c(||aharm||+ ||b||Lp + ||φ||2L∞ + r)
≤ c(||aharm||+ ||b||L2
2
+ ||φ||2L∞ + r)
≤ c(||aharm||+ ||b||L2
k−1
+ ||φ||2L∞ + r)
by lemma 3.8.
For ϕ, we have the estimates by lemma 3.8:
||ϕ||L∞ ≤ C||ϕ||L8
1
(X) ≤ C ′||ϕ||L2
3
(X) ≤ C ′||ϕ||L2
k−1
(X).
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At the maximum of |φ|2, ∆|φ|2 is non negative, and hence we obtain
the estimate:
||φ||4L∞ ≤ c(||aharm||, ||b||L2k−1, ||ϕ||L2k−1, r)(||φ||L∞ + ||φ||
2
L∞ + ||φ||3L∞).
So we have L∞ estimates of the pair (φ, a) by (||ϕ||L2
k−1
, ||b||L2
k−1
, ||h||).
Step 3: Let us induce L∞ bound for the case of general base [A0, ψ0].
We will follow step 1 and 2.
It follows from step 1 that the uniform estimates hold:
||a||L∞ ≤ c||a||L8
1
≤ c(||d+a||Lp + ||aharm||+ r)
for at least one of p = 2, 4 or 8.
Let us put φ0 ≡ ψ˜0 + φ. Notice the bound:
−c + ||φ||L∞ ≤ ||φ0||L∞ ≤ c+ ||φ||L∞
holds since ψ˜0 is Γ invariant. The Weitzenbo¨ck formula gives the point
wise estimate:
∆|φ0|2 ≤ < 2D∗ADAφ0 −
s
2
φ0 − (b+ σ(φ0))φ0, φ0 >
=< 2D∗A(ϕ)−
s
2
φ0 − (b+ σ(φ0))φ0, φ0 >
Now we have the estimates:
∆|φ0|2 + s
2
|φ0|2 + |φ0|
4
2
≤ 2|DA(ϕ)| |φ0|+ | < bφ0, φ0 > |
≤ 2(||DA˜0(ϕ)||L∞ + ||a||L∞||ϕ||L∞) |φ0|+ ||b||L∞ |φ0|2
≤ 2(||DA˜0(ϕ)||L23 + ||a||L∞r) |φ0|+ r |φ0|2
≤ 2r(c+ ||a||L∞) |φ0|+ r |φ0|2
where we have used the estimates ||b||L∞ ≤ c||b||L8
1
≤ c||b||L2
3
≤ r, and
the elliptic estimate.
By the assumption, there is a compact subset K ′ ⊂ X and a constant
C = CK ′ so that φ has compact support insideK
′. Notice the estimates
||φ||Lp(X) ≤ C||φ||L∞(X), and:
||σ(ψ˜0, φ)||Lp ≤ C(||φ||Lp + ||φ||2L2p) ≤ C(||φ||L∞ + ||φ||2L∞)
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Then combining step 1 with the equality d+a = b + σ(ψ˜0, φ), we have
the estimates:
||a||L∞ ≤ c(||b||Lp + ||φ||L∞ + ||φ||2L∞ + r)
≤ c(||b||L2
2
+ ||φ||L∞ + ||φ||2L∞ + r)
≤ c(||b||L2
k−1
+ ||φ||L∞ + ||φ||2L∞ + r)
≤ c′(||φ||L∞ + ||φ||2L∞ + r)
≤ c′(||φ0||L∞ + ||φ0||2L∞ + r + 1)
Let us combine the above estimates. At the maximum of |φ0|2, ∆|φ0|2
is non negative, and hence we obtain the estimates:
||φ0||4L∞ ≤ 4r{(c+ ||a||L∞) ||φ0||L∞ + ||φ0||2L∞}
= 4r(c+ ||φ0||L∞)||φ0||L∞ + ||a||L∞||φ0||L∞
≤ {4r(c+ ||φ0||L∞) + c′(||φ0||L∞ + ||φ0||2L∞ + r + 1)}||φ0||L∞
≤ {4r||φ0||L∞ + c′(||φ0||L∞ + ||φ0||2L∞ + r + 1)}||φ0||L∞.
So we obtain L∞ estimate of the pair (φ, a) by (||ϕ||L2
k−1
, ||b||L2
k−1
, ||h||).

4.4. L21 bounds.
Lemma 4.10. Let (A0, ψ0) be a solution to the Seiberg-Witten equation
over M and µ˜ be the covering monopole map with the base (A0, ψ0). If
the AHS complex has closed range over X = M˜ , then for a compact
subset K ⊂ X, the restriction of the monopole map:
µ˜ : L21(K; S˜
+)0 ⊕ L21(X ; Λ1) ∩ Ker d∗
→ L2(K; S˜−)0 ⊕ L2(X ; Λ2+;X)⊕H1(X)
(φ, a)→ (DA˜0,ψ˜0(a, φ), d+(a)− σ(ψ˜0, φ), [a])
is metrically proper, where H1(X) is the first L2 cohomology group.
Proof. We follow the argument in lemma 4.4. Let us denote µ˜(φ, a) =
(ϕ, b, h) with φ ∈ L21(K)0.
Notice the local Sobolev estimates:
||φ||L2(K)0 ≤ CK ||φ||L3(K)0 ≤ C ′K ||φ||L4(K)0
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Step 1: Firstly suppose the base point is reducible (A0, 0). Following
step 1 in lemma 4.4, we have the estimates:
||DA(φ)||2L2(K)0 + ||b||L2(X)||φ||L4(K)0 ≥ −δ||φ||2L2(K)0 +
1
4
||φ||4L4(K)0
≥ −C2Kδ||φ||2L4(K)0 +
1
4
||φ||4L4(K)0
In particular there is c = c(||ϕ||L2, ||b||L2, δ) so that the bound ||φ||L4(K)0 ≤
c holds, and hence ||φ||L2(K)0 ≤ c′.
The rest of the argument is the same as step 2 in lemma 4.4 for this
case.
Step 2: Let us consider the general case, and choose a solution
[A0, ψ0] to the Seiberg-Witten equation over M . It follows from propo-
sition 4.9 that both ||a||L∞ and ||φ||L∞ are bounded by a constant which
depend on r. Let us consider the equality d+(a) = b+ σ(ψ˜0, φ). Recall
that support of φ ⊂ K, and hence the equality d+(a) = b holds on Kc.
Then we have the estimates:
||d+(a)||2L2(X) = ||d+(a)||2L2(K) + ||d+(a)||2L2(Kc)
= ||b+ σ(ψ˜0, φ)||2L2(K) + ||b||2L2(Kc)
≤ C||b+ σ(ψ˜0, φ)||2L∞(K) + ||b||2L2(Kc) ≤ C ′(r)
where we used L∞ bound of φ. So we obtain L21 bound:
||a||L2
1
(X) ≤ c(||d+(a)||L2(X) + ||a||harm) ≤ c(r).
For φ, we have the estimates:
||DA˜0(φ)||2L2 ≤ 4||DA(φ)||2L2 + 4||aφ||2L2
= 4||ϕ− aψ˜0||2L2 + 4||φ||L∞||a||2L2
≤ 4||ϕ||2L2 + C||a||2L2 + C||ϕ||2L2||a||2L2 + 4||φ||L∞||a||2L2 ≤ c(r)
Since ||φ||L2 ≤ C||φ||L∞ ≤ c(r) holds, we obtain L21 bound of φ.

4.5. Effect on smallness of local norms on one forms. It is of
interest for us to see how local Sobolev norms effect to its global norm.
In particular it is characteristic of non compact space that both situa-
tions can happen where local norms are small but total norm is quite
large. Below we induce bounds on Sobolev norms under smallness of
local norms on one forms.
Let K ⊂ X be a fundamental domain. Let us take an element (φ, a)
and put µ˜(φ, a) = (ϕ, b, h).
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Lemma 4.11. Let us choose a reducible base solution (A0, 0) over M .
Suppose that the AHS complex has closed range, and the Dirac operator
is invertible.
Then there is small ǫ0 > 0 such that L
2
k+1
2
bound:
(φ, a) ∈ L2k+1
2
(X)
holds in terms of ||(ϕ, b, h)||L2
k−1
2
and K ′, if the local bounds:
||a||L2
k−1
(γ(K)) < ǫ0
hold for any γ ∈ Γ.
Proof. Step 1: Let us denote A = A˜0 + a. We claim that there is a
positive ǫ0 > 0 such that if (a, φ) ∈ µ˜−1(Dr) ⊂ L2k((X, g); S˜+ ⊕ Λ1 ⊗
iR) ∩ Ker d∗ satisfies the estimates:
||(a, φ)||L2
k−1
(γ(K)) < ǫ0
for all γ ∈ Γ, then (a, φ) must satisfy a uniform bound in L2k(X). In
particular L∞ bound holds.
Let us check that the estimate:
||aφ||L2
k−1
(X) ≤ Cǫ0max(||a||L2
k−1
(X), ||φ||L2
k−1
(X))
holds. Let ra = ||a||L2
k−1
(X), rφ = ||φ||L2
k−1
(X), rmin = min(ra, rφ) and
rmax = max(ra, rφ). It follows from lemma 3.14 that the estimate holds:
||aφ||L2
k−1
(X) = rarφ||
a
ra
φ
rφ
||L2
k−1
(X) ≤ rarφCr−1minǫ0
= Cǫ0rmax = Cǫ0max(ra, rφ).
Let us put r = ||(ϕ, b, h)||L2
k−1
, and divide into two cases. Suppose
rmax = rφ. Notice DA˜0(φ) + aφ has L
2
k−1 norm less than r. Then we
obtain the estimates:
||φ||L2
k
(X) ≤ C ′||DA˜0(φ)||L2k−1(X) ≤ C
′(||DA(φ)||L2
k−1
(X) + ||aφ||L2
k−1
(X))
≤ C ′(r + Cǫ0||φ||L2
k−1
(X)).
In particular if ǫ0 > 0 is sufficiently small, then we have the estimate:
||φ||L2
k
(X) ≤ C ′′r.
Next it follows from lemma 3.8 that the estimates:
||σ(φ)||L2
k−1
≤ ||φ||L4
k−1
≤ C||φ||L2
k
hold. So we have the estimates:
||d+(a)||L2
k−1
≤ r + ||σ(φ)||L2
k−1
≤ r + C||φ||L2
k
≤ Cr
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since d+(a) + σ(φ) has L2k−1 norm less than r. It follows from the
assumption that the estimate holds:
||a||L2
k
≤ C(||d+(a)||L2
k−1
+ ||aharm||) ≤ Cr.
Step 2: Next suppose rmax = ra. It follows from lemma 3.14 that
the estimate holds:
||σ(φ)||L2
k−1
≤ Cǫ0||φ||L2
k−1
By a similar argument as step 1, we obtain the estimates:
||d+(a)||L2
k−1
≤ r + ||σ(φ)||L2
k−1
≤ r + Cǫ0||φ||L2
k−1
≤ r + Cǫ0||a||L2
k−1
.
So we have the estimates:
||a||L2
k
≤ C(||d+(a)||L2
k−1
+ ||aharm||)
≤ C(r + Cǫ0||a||L2
k−1
+ ||aharm||) ≤ C ′(r + Cǫ0||a||L2
k
).
So if ǫ0 > 0 is sufficiently small, then we have the bounds:
||a||L2
k
≤ Cr.
Since rmax = ra, the bound ||φ||L2
k−1
≤ Cr also holds. Then we have
the estimates:
||φ||L2
k
≤ c||DA˜0(φ)||L2k−1 ≤ c(||b||L2k−1 + ||aφ||L2k−1)
≤ c||b||L2
k−1
+ Cǫ0||a||L2
k−1
≤ Cr.
This verifies the claim in step 1.
Step 3: Now suppose ||(a, φ)||L2
k−1
(γ(K)) ≥ ǫ0 hold for some γ ∈ Γ
(and hence ||φ||L2
k−1
(γ(K)) ≥ ǫ0 should hold by the assumption). Let us
induce a weak version to step 1. Let us put l = k−1
2
. It follows from
corollary 3.15 that the estimate holds:
||aφ||L2
l
(X) ≤ Cǫ0||φ||L2
l
(X).
Then we obtain a weak version of the uniform bounds:
||a||L2
l
(X), ||φ||L2
l
(X) ≤ C||(ϕ, b, h)||L2
k−1
2
(X)
by the same argument as step 1. 
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5. Approximation by finite dimensional spaces
5.1. Fredholm map. Let H ′ and H be two Hilbert spaces, and con-
sider a Fredholm map:
F = l + c : H ′ → H
whose linear part l is Fredholm and c is compact on each bounded set.
For our purpose later, we restrict the domain H ′ = L2k(X ;E) by the
Sobolev space of some vector bundle E → X . Analytic method of
finite dimensional approximation has been developed for a metrically
proper and Fredholm map [S], [BF]. In particular it is applied to the
monopole map when X is compact.
Below we shall introduce an equivariant version of such approxima-
tion on a non linear map over the covering space X = M˜ of a compact
four manifold with the action of the fundamental group Γ = π1(M).
Let us say that a smooth map c : H ′ = L2k(X ;E) → H is locally
compact on each bounded set, if its restriction c|L2k(K,E)0∩D is com-
pact, where K ⊂ X is a compact subset and D ⊂ H ′ is a bounded
set.
5.2. Technical estimates. We will apply the results in this subsection
to construct a finite dimensional approximation method in the next
subsection. In particular the lemma below is applied to the Dirac
operator in the case of the covering monopole map.
Here is a technical lemma. Let:
D : L2k(X ;E)→ L2k−1(X ;F )
be a first order elliptic differential operator which is Γ invariant. Let
K ⊂ X be a compact subset, and consider the restriction:
D : L2k(K;E)0 → L2k−1(K;F )0
Lemma 5.1. Suppose D : L2k(X ;E)→ L2k−1(X ;F ) is surjective. Then
it is equivalent to that D∗ : L2k(X : F )→ L2k−1(X : E) is injective with
closed range.
Proof. Step 1: Let us check that the formal adjoint
D∗ : L2k(X ;F )→ L2k−1(X ;E)
is injective with closed range.
If w ∈ L2k(X ;F ) with D∗(w) = 0 could hold, then
< D∗(w), u >L2
k−1
=< w,D(u) >L2
k−1
= 0
follow for all u ∈ L2k(X : E). This implies w = 0 by surjectivity of D.
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For any w ∈ L2k, there is u′ ∈ L2k+1 such that w = D(u′) holds. Then
||D∗(w)||2L2
k−1
=< D∗(w), D∗(w) >L2
k−1
=< D∗D(u′), D∗D(u′) >L2
k−1
≥ C||u′||2L2
k+1
≥ C||D(u′)||2L2
k
= C||w||2L2
k
.
Hence D∗ also has closed range.
Step 2: Conversely suppose D : L2k(X ;E)→ L2k−1(X ;F ) has closed
range but is not surjective. Then there is 0 6= u ∈ L2k−1(X ;F ) with:
< D(w), u >L2
k−1
=< w,D∗(u) >L2
k−1
= 0
hold for any w ∈ L2k(X ;E). This implies u ∈ L2k(X ;F ) with D∗(u) = 0,
since D∗ is elliptic.
Combining with step 1, it follows under closeness of D that D is
surjective if and only if D∗ is injective. 
Remark 5.2. In general D : L2k(K;E)0 → L2k−1(K;F )0 is not nec-
essarily surjective, even if D : L2k(X ;E) → L2k−1(X ;F ) is surjective.
Later we will verify that it is asymptotically surjective in some sense.
The next lemma tells us that under the following condition, the
spectral components of the vectors wi distribute extremely so that they
converge to zero or diverge to infinity.
Lemma 5.3. Suppose a sequence wi ∈ L2k(X ;F ) with ||wi||L2k = 1
satisfies a condition:
lim
i→∞
sup
v∈B∩ im D
| < wi, v >L2
k−1
| = 0
where B ⊂ L2k−1(X ;F ) is the unit ball.
Then D∗(wi) or wi converge to 0 in L2k−1. In particular wi → 0 holds
in L2k−1, if D is surjective with closed range.
Proof. Step 1: Assume that there is a sequence wi ∈ L2k(X ;F ) with
||wi||L2
k
= 1 and:
sup
v∈B∩ im D
| < wi, v >L2
k−1
| < ǫi → 0
Then any f ∈ L2k(X ;E) with ||D(f)||L2k−1 = 1 satisfies the bounds:
< D∗(wi), f >L2
k−1
=< wi, D(f) >L2
k−1
< ǫi
by lemma 3.1.
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Step 2: Let P be the spectral projection of DD∗ on L2(X ;F ). We
claim that for any 0 < λ << µ, it is enough to see the convergence:
lim
i→∞
||P[λ2,µ2](wi)||L2
k−1
< ǫi → 0.
Notice that any element w ∈ im P[µ2,∞) satisfies the estimate (see the
proof of lemma 6.6):
||w||2L2
k
= ||D∗w||2L2
k−1
+ ||w||L2 =< w,DD∗w >L2
k−1
+||w||L2
≥ µ2||w||2L2
k−1
+ ||w||2L2.
This implies that L2k−1 norm of the projection to high eigenvalues of
wi must be small if ||wi||L2
k
= 1 hold. Then combining with these two
properties, we obtain the convergence:
lim
i→∞
||P[λ2,∞)(wi)||L2
k−1
< ǫi → 0
for any λ > 0. This implies the conclusion.
Step 3: Let us verify the claim above. Suppose contrary, and assume
that there is a constant with the uniform bounds:
lim
i→∞
||P[λ2,µ2](wi)||L2
k−1
≥ ǫ0 > 0.
Let us put f = D∗P[λ2,µ2](wi), and estimate the Sobolev norm:
λ||P[λ2,µ2](wi)||L2
k−1
≤ ||Df ||L2
k−1
= ||DD∗P[λ2,µ2](wi)||L2
k−1
≤ µ||P[λ2,µ2](wi)||L2
k−1
.
Hence L2k−1 norm of Df satisfies uniform bounds from both sides. By
re-normalizing, one may assume that ||Df ||L2
k−1
= 1 holds.
Moreover:
< wi, Df >L2
k−1
=< wi, DD
∗P[λ2,µ2](wi) >L2
k−1
=< P[λ2,µ2](wi), DD
∗P[λ2,µ2](wi) >L2
k−1
≥ λ2||DD∗P[λ2,µ2](wi)||L2
k−1
≥ λ2ǫ0.
This is a contradiction.
The last statement follows by lemma 5.1.

Let us consider the restriction:
D : L2k(K;E)0 → L2k−1(K;F )0
and put:
∂K ≡ D(L2k(K;E)0)⊥ ∩ L2k−1(K;F )0.
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Lemma 5.4. Suppose D : L2k(X ;E) → L2k−1(X ;F ) is surjective. As-
sume that a sequence ui ∈ L2k(K;E)0 with ||ui||L2k = 1 satisfy:
||PK(ui)− ui||L2
k−1
→ 0
where PK : L
2
k−1(K;F )0 → ∂K is the orthogonal projection.
Then ||ui||L2
k−1
→ 0 holds. Moreover:
||P[0,λ]ui||L2
k
→ 0
holds for any λ > 0, where P[0,λ] is in the above lemma.
Proof. Take any v ∈ L2k(K;E)0. Then we have the estimate:
| < v,D∗ui >L2
k−1
| = | < Dv, ui >L2
k−1
| = | < Dv, (1− PK)ui >L2
k−1
|
≤ ||(1− PK)ui||L2
k−1
||v||L2
k
→ 0.
Hence D∗ui weakly converge to zero.
Let us consider two cases; assume that ||ui||L2
k−1
≥ ǫ > 0 is uniformly
bounded from below. Then it follows from Rellich lemma that a subse-
quence of {ui}i strongly converge to non zero element u ∈ L2k−1(K;F )0
with D∗u = 0. This cannot happen by lemma 5.1.
So suppose ||ui||L2
k−1
→ 0 holds. Combining it with ||ui||L2
k
= 1, one
must see the property ||P[0,λ]ui||L2
k
→ 0 for any λ > 0. 
5.3. Finite dimensional approximations. To apply method of fi-
nite dimensional approximation, we need to induce a kind of properness
on the image of the projection.
Let F = l+ c : H ′ → H be a metrically proper map between Hilbert
spaces. Then there is a proper and increasing function g : [0,∞) →
[0,∞) such that the lower bound holds:
g(||F (m)||) ≥ ||m||.
Later we analyze a family of maps of the form Fi : B
′
i → Wi, where
B′i ⊂ W ′i is a closed set in a finite dimensional linear space. We will
also say that the family of maps is proper, in the sense that there are
positive numbers ri, si →∞ such that the inclusion:
F−1i (Dsi ∩Wi) ⊂ Dri ∩ B′i
holds, where Dsi, Dri are si and ri balls respectively.
Lemma 5.5. Let F = l + c : H ′ → H be a metrically proper map.
Suppose l is surjective and c is compact on each bounded set. Then
there is a proper and increasing function f : [0,∞) → [0,∞) such
that the following holds; for any r > 0 and δ0 > 0, there is a finite
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dimensional linear subspace W ′0 ⊂ H ′ such that for any linear subspace
W ′0 ⊂W ′ ⊂ H ′,
pr ◦ F : Dr ∩W ′ →W
also satisfies the bound:
f(|| pr ◦ F (m)||) ≥ ||m||
for any m ∈ Dr ∩ W ′, where W = l(W ′) and pr is the orthogonal
projection to W .
Moreover the estimate holds:
sup
m∈Dr∩W ′
||F (m)− pr ◦ F (m)|| ≤ δ0.
Proof. Take any positive constant δ0 > 0. Let C ⊂ H be the closure of
the image c(Dr), which is compact. Hence there is a finite number of
points w1, . . . , wm ∈ c(Dr) such that their δ0 neighborhoods cover C.
Choose w′i ∈ H ′ so that l(w′i) = wi hold for 1 ≤ i ≤ m, and let W ′0
be the linear span of these w′i.
The restriction pr ◦ F : Dr ∩W ′0 →W0 satisfies the equality:
pr ◦ F = l + pr ◦ c
where W0 = l(W
′
0). Notice the equalities pr ◦ F (w′i) = F (w′i) for
1 ≤ i ≤ m.
Then for anym ∈ Dr∩W ′0, there is some w′i with ||c(m)−c(w′i)|| ≤ δ0,
and the estimate ||F (m)− pr ◦ F (m)|| ≤ δ0 holds.
Since g is increasing, we obtain the estimates:
g(|| pr ◦ F (m)||+ δ0) ≥ g(|| pr ◦ F (m)||) ≥ ||m||.
The function f(x) = g(x+ δ0) satisfies the desired property.
For any other linear subspace W ′0 ⊂ W ′ ⊂ H ′, the same property
holds for pr ◦ F : Dr ∩W ′ →W with W = l(W ′). 
Notice that if l is not injective, then l−1(W ′) is already infinite dimen-
sional, in the case of infinite covering monopole map. Let us describe
what we can induce in the case of injective l by use of the results in
the previous subsection. This presents a kind of ‘properness’ but is not
enough to apply for our later purpose. We will not use lemma 5.6 later.
Lemma 5.6. Let:
F = l + c : L2k(X ;E)→ L2k−1(X ;F )
be a smooth map where l is a first order elliptic differential operator
and c is quadratic which is locally compact on each bounded set.
If l is injective with closed range, then F is proper on any finite
dimensional linear subspace.
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Proof. To see properness of F on the restriction:
F :W ′ → L2k−1(X ;F )
it is enough to verify that divergence holds:
lim
t→∞
||F (tu)||L2
k−1
(X;E) =∞
for any u ∈ L2k(X ;E) with ||u|| = 1, where W ′ ⊂ L2k(X ;E) is any finite
dimensional linear subspace.
There is a constant C > 0 such that ||l(u)||L2
k−1
≥ C||u||L2
k
holds for
u ∈ L2k(X ;E). Moreover ||c(u)||L2k ≤ C||u||2L2k also holds.
Let us take a unit element u ∈ W ′ ⊂ L2k(X ;E) with ||u||L2k = 1. If
c(u) = 0, then there is nothing to do more, and so suppose ||c(u)||L2
k
6=
0. Let us divide into two cases;
(1) Suppose supv∈B∩ im l | < c(u), v >L2k−1 | < ǫ is sufficiently small.
Then at least one of ||l∗(c(u))||L2
k−1
||c(u)||L2
k−1
is small by lemma 5.3.
In the former case, it contains non zero harmonic component Ker l∗,
and hence c(u) is linearly independent of l(W ).
Suppose the latter case. Its spectral distribution leans toward high
level. So c(u) and any vector in l(W ) are also linear independent.
In both cases, ||F (tu)||L2
k−1
→∞ as t→∞ since l is injective.
(2) Suppose supv∈B∩ im l | < c(u), v >L2k−1 | > ǫ0 is positive. Then it
follows from the equality:
F (tu) = tl(u) + t2c(u)
that ||F (tu)||L2
k−1
→∞ also holds as t→∞.

Remark 5.7. In the case of a covering monopole map we analyze, the
domain is not the full Sobolev space, rather its closed linear subspace
L2k(K; S˜
+)0⊕L2k(X ; Λ1)∩ Ker d∗. Moreover the target space is sum of
the Sobolev space with the first L2 cohomology group. Still the contents
in section 5 work for this case, since the linearized map splits into the
sum of the Dirac operator with d+ and the harmonic projection.
5.3.1. Compactly supported Sobolev space. Let:
F = l + c : L2k(X ;E)→ L2k−1(X ;F )
be a smooth map between Sobolev spaces, where l is a first order
differential operator, and c is pointwise and is locally compact on each
bounded set.
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By local compactness on each bounded set, I mean that the restric-
tion on L2k(K;E)0 ∩D is compact where D ⊂ L2k(X ;E) is a bounded
set and K ⊂ X is a compact subset.
In 5.3.1, We assume that l has closed range, and that the restriction:
F : L2k(K;E)0 → L2k−1(K;F )0
is metrically proper.
Consider the splitting:
L2k−1(K;F )0 = l(L
2
k(K;E)0)⊕ ∂K
where ∂K is the orthogonal complement of l(L
2
k(K;E)0), and denote by
prK : L
2
k−1(K;F )0 → l(L2k(K;F )0) as the orthogonal projection. For
any closed linear subspace W ⊂ L2k−1(K;F )0, we also denote by:
prW : L
2
k−1(K;F )0 → W
as the orthogonal projection.
Let S ⊂ L2k(K;E)0 be the unit ball, and consider the closure of the
image:
c(S) ⊂ l(L2k(K;E)0)⊕ ∂K = L2k−1(K;F )0.
Lemma 5.8. Assume moreover that c is quadratic.
For any element w = (w1, w2) ∈ c(S), if w1 6= 0 component does not
vanish, then the composition:
prK ◦ F : L2k(K;E)0 → l(L2k(K;E)0) ⊂ L2k−1(K;F )0
is metrically proper.
Proof. Since c(S) is compact,
r = inf
w∈c(S)
||w1|| > 0
is positive. Then for any u ∈ L2k(K;E)0, the estimate ||prK(c(u))|| ≥
r||u||2
L2
k
holds, since c is quadratic. On the other hand ||l(u)||L2
k−1
≤
C||u||L2
k
holds for some C. Hence we obtain the lower bound:
||prK ◦ F (u)||L2k−1 ≥ r||u||
2
L2
k
− C||u||L2
k
.
So the conclusion follows. 
Of course it is too much to expect that such assumption could be
satisfied. So let us state a modified version.
For each r > 0, let Dr ⊂ L2k(K;E)0 be r-ball. Consider a com-
pact subset pr∂K (c(Dr)) ⊂ ∂K , and choose a finite dimensional linear
subspace (see lemma 5.4):
Ur ⊂ ∂K
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such that any element w ∈ pr∂K (c(Dr)) is at most δ-away from Ur for
a sufficiently small δ > 0. Denote the orthogonal projection by:
Pr : L
2
k−1(K;F )0 → l(L2k(K;E)0)⊕ Ur ⊂ L2k−1(K;F )0.
Lemma 5.9. Suppose F is locally metrically proper. Moreover suppose
that l has closed range and c is locally compact on each bounded set.
Then the composition:
Pr ◦ F : Dr → l(L2k(K;E)0)⊕ Ur
is still metrically proper.
Proof. The proof is very much in the same spirit as lemma 5.5.
There is a finite dimensional linear subspace W˜r ⊂ L2k−1(K;F )0 such
that d(W˜r, c(Dr)) < δ holds, since c is locally compact on each bounded
set.
Let us consider the linear plane:
Lr ≡ l(L2k(K;E)0) + W˜r = l(L2k(K;E)0)⊕ Ur
where Ur = pr∂K (W˜r).
Then the conclusion follows from the estimate:
δ ≥ sup
m∈Dr
||F (m)− prLr ◦ F (m)||
with metrical properness of F . 
Corollary 5.10. There are finite dimensional linear subspaces W ′r ⊂
L2k(K;E)0 and Ur ⊂ ∂K with a linear map:
l′ : L2k(K;E)0 → l(L2k(K;E)0)⊕ Ur
such that the followings hold:
(1) Composition of l′ with the projection prK to the first component
coincides with l:
l = prK ◦ l′ : W ′r → l(W ′r).
(2) Let prWr : L
2
k−1(K,F )0 → Wr = l′(Wr) be the orthogonal projec-
tion. Then:
prWr ◦ F :W ′r ∩Dr →Wr
is proper (see above lemma 5.5).
(3) If l : L2k(X ;E) →֒ L2k−1(X ;F ) is injective, then the estimates:
||l(v)|| ≤ ||l′(v)|| ≤ 3||l(v)||
hold for any v ∈ L2k(K;E)0.
The same properties hold if one takes larger but still finite dimen-
sional linear subspace W˜ ′r with W
′
r ⊂ W˜ ′r ⊂ L2k(K;E)0.
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Proof. Take a sufficiently many but finite set of points {p1, . . . , pm} ⊂
Dr such that F (pi) ∈ l(L2k(K;E)0) ⊕ Ur holds. Let W ′r be the linear
space spanned by {p1, . . . , pm}.
Let us introduce a linear map as follows. Let f : [0,∞)2 → [0,∞)
be a smooth map with:
f(r, s) =
{
s r ≥ s,
2r 2r ≤ s.
Then we define: l′ : W ′r → l(L2k(K;E)0) ⊕ Ur by the linear extension
of the map:
l′(pi) = l(pi) + f(||l(pi)||, ||prUr ◦ c(pi)||)
prUr ◦ c(pi)
1 + ||prUr ◦ c(pi)||
.
We require a slightly complicated formula on the second term, since
the norm ||prK ◦ c(pi)|| can grow more than linearly. Clearly both (1)
and (3) is satisfied.
Since F is metrically proper, there is a proper increasing map g :
[0,∞)→ [0,∞) independent of r so that:
max( ||prK ◦ F (v)||L2k−1, ||prUr ◦ c(v)||L2k−1 ) ≥ g(||v||L2k)
holds for v ∈ Dr ∩W ′r. This verifies (2). 
5.3.2. Asymptotic surjection. Throughout 5.3.2, we always assume that
the restriction F |L2k(K;E)0 is metrically proper on any compact sub-
set, l : L2k(X ;E) → L2k−1(X ;F ) is surjective and c is locally compact
on each bounded set.
One can obtain finite dimensional approximation of F as above, but
the linear map l′ may be quite different from l. In the next, we will
use a larger compact subset K ⊂ L in the target space so that l′ surely
approximates l.
We want to use Pr ◦F : W ′r ∩Dr → l(L2k(K;E)0)⊕Ur in lemma 5.9,
instead of F itself as an asymptotic approximation of F . As above,
we have to use a pair of compact subsets to approximate its linearized
operator. Notice that choice of these linear subspaces W ′r or Ur heavily
depends on the compact subset K ⊂ X . So we denote PKr instead of
Pr above.
Let us consider two compact subsets K ⊂ L ⊂ X , and let ∂L ⊂
L2k−1(L;F )0 be the orthogonal complement of l(L
2
k(L,E)0).
Lemma 5.11. Let us fix K. Then for any ǫ > 0, there is another
compact subset L ⊃ K such that the orthogonal projection:
P : L2k−1(K;F )0 → ∂L
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satisfies the estimate:
||P || ≤ ǫ.
Proof. Let us choose a compact subset L ⊂ X so that it admits a
smooth cut off function ϕ : L→ [0, 1] with the following properties;
(1) ϕ|K ≡ 1, (2) ϕ|Lc ≡ 0, and (3) ||∇(ϕ)||L2
k−1
< δ, where δ > 0 is
sufficiently small.
There is a constant C so that for any u ∈ L2k−1(K;F )0, there is
v = l−1(u) ∈ L2k(X ;E) with ||v||L2k ≤ C||u||L2k−1.
It follows from the equality:
u = ϕl(v) = l(ϕv)− [l, ϕ]v
that the estimates:
||P (u)||L2
k−1
≤ ||[l, ϕ]v||L2
k−1
≤ δ||v||L2
k
≤ Cδ||u||L2
k−1
hold. 
Let L be a compact subset and consider corollary 5.10 for L:
l′ : L2k(L;E)0 → l(L2k(L;E)0)⊕ ULr
with W ′r ⊂ L2k(L;E)0 and a proper map:
prLr ◦ F : W ′r ∩Dr →Wr ⊂ L2k−1(L, F )0.
Corollary 5.12. Let us fix K. Then for any ǫ > 0, there is another
compact subset L ⊃ K such that the restriction satisfies the estimate:
||l − l′||L2
k
(K,E)0 < ǫ.
Moreover the restriction:
prLr ◦ F : W ′r ∩Dr ∩ L2k(K;E)0 →Wr ⊂ l(L2k(L;E)0)⊕ ULr
satisfies the estimate:
||prLr ◦ F − F ||W ′r∩Dr∩L2k(K;E)0 < ǫ.
The same properties hold if one takes a larger but still finite dimen-
sional linear subspace L2k(L,E)0 ⊃ W˜ ′r ⊃W ′r.
5.3.3. Families of compactly supported Sobolev spaces. Let us consider
a family of maps:
Fi : W
′
i → Wi
where W ′i ⊂ H ′ and Wi ⊂ H are both finite dimensional linear sub-
spaces whose unions:
∪∞i=0 W ′i ⊂ H ′, ∪∞i=0 Wi ⊂ H
are dense respectively. Denote by D′ri ⊂ W ′i and Dsi ⊂ Wi the balls
with radii ri and si respectively.
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Let us say that the family {Fi}i is asymptotically proper on H ′, if
there are two sequences s0 < s1 < · · · → ∞ and r0 < r1 < · · · → ∞
such that the embeddings hold:
F−1i (Dsi) ⊂ D′ri.
In corollary 5.12, if one wants to obtain better approximation, then
take a larger compact subset as L.
By use of the terminology, one can state the following. Let:
F = l + c : L2k(X ;E)→ L2k−1(X ;F )
be a Γ equivariant locally strongly proper map, where l is a first order
elliptic differential operator and c is pointwise and locally compact on
each bounded set. Suppose l is an isomorphism.
Corollary 5.13. There exist an exhaustion ∪i Ki = X by compact
subsets and families of finite dimensional linear subspaces:
W ′i ⊂ L2k(Ki;E)0, Wi ⊂ L2k−1(Ki;E)0
such that for each compact subset K ⊂ X,
lim
i→∞
||l − li||W ′i∩L2k(K,E)0 = 0
holds. Moreover the restriction approximates F as:
lim
i→∞
||Fi − F ||W ′i∩Dri∩L2k(K,E)0 = 0
where Fi ≡ prWi ◦ F : W ′i → Wi is an asymptotically proper family
with linear isomorphisms li : W
′
i
∼= Wi, and prWi : H → Wi is the
orthogonal projection.
5.4. Compactly supported families of Sobolev spaces. So far we
have fixed a compact subset K ⊂ X . Our final aim is to approximate
a non linear map between Sobolev spaces over X by a family of maps
between finite dimensional linear subspaces which are included in ex-
hausting compactly supported functional spaces (adapted). Through-
out 5.4, we always assume that l : L2k(X,E)
∼= L2k−1(X,F ) is a linear
isomorphism.
LetK1 ⊂⊂ · · · ⊂⊂ Ki ⊂⊂ Ki+1 ⊂ X be exhaustion ofX by compact
subsets, and E, F → X be vector bundles over X . Then we have an
increasing family of Sobolev spaces:
L2k(Ki;E)0 ⊂ L2k(Ki+1;E)0 ⊂ · · · ⊂ L2k(X ;E).
Let F = l + c : L2(X ;E) → L2k−1(X ;F ) be a smooth map, where l
is a first order differential operator and c is the non linear term which
is a pointwise operator.
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Let Fi and prWi : L
2
k−1(X ;F ) → Wi be in corollary 5.13, where a
situation is considered that a compact subset K is fixed and L2k(K;E)0
is approximated. Now we use whole families of such approximations
over Ki, and pick up well-approximated maps as below.
Firstly let us state a weaker version of the approximation.
Lemma 5.14. For any v′ ∈ L2k(X ;E), there is an approximation v′i ∈
W ′i with v
′
i → v′ in L2k(X ;E) such that the convergence:
lim
i
||Fi(v′i)− F (v′)||L2k−1 = 0
holds, where Fi = prWi ◦ F : W ′i →Wi.
Proof. Let v′i ∈ L2k(Ki;E)0 be any approximation with v′i → v′. By
corollary 5.13, limi ||Fi(v′i0)− F (v′i0)||L2k−1 = 0 holds for each i0. Since
F is continuous, for any ǫ > 0, there is i0 such that the estimate
||F (v′i0)− F (v′)|| < ǫ holds.
Notice that one may regard v′i0 ∈ W ′i for i ≥ i0. Then replace the
approximation of v′ so that we obtain the desired estimate by applying
the triangle inequality. 
Let D′ri ⊂W ′i and Dsi ⊂Wi be ri and si balls respectively.
Definition 5.1. Let F = l + c : H ′ → H be a smooth map, where l is
the linear part and c is its non linear term.
Let us say that F is weakly finitely approximable, if there is an in-
creasing family of finite dimensional linear subspaces:
W ′0 ⊂W ′1 ⊂ · · · ⊂ W ′i ⊂ · · · ⊂ H ′
such that:
(1) their union ∪i≥0W ′i ⊂ H ′ is dense, and
(2) {Fi}i consists of an asymptotically proper family with the inclu-
sions F−1i (Dsi) ⊂ D′ri as above, where:
Fi ≡ pri ◦ F : W ′i → Wi = li(Wi)
and pri : H → Wi are the orthogonal projections, where li : W ′i ∼= Wi
are linear isomorphisms.
(3) For each i0, the norm converges:
lim
i→∞
sup
m∈D′ri0
||F (m)− Fi(m)|| = 0.
(4) The operator norm of the restriction converges:
lim
i→∞
||(l− li)|W ′i0 || = 0.
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(5) The uniform bound on their norms C−1||l|| ≤ ||li|| ≤ C||l|| holds,
where C is independent of i.
Later we will introduce finite approximability, below definition 6.6.
Let us introduce two variations.
(A) Suppose both H ′ and H admits isometric actions by a group
Γ, and assume that F is Γ equivariant. Then we say that F is weakly
finitely Γ-approximable, if moreover the above family {W ′i}i satisfies
that the union:
∪i { γ(W ′i ) ∩W ′i } ⊂ H ′
is dense for any γ ∈ Γ.
Notice that the above family {Fi}i satisfies convergence for any γ ∈
Γ:
lim
i→∞
sup
m∈D′ri∩γ−1(D′ri )
||γFi(m)− Fi(γm)|| = 0
since the estimate holds:
||γFi(m)− Fi(γm)|| ≤ ||γF (m)− γFi(m)||+ ||γF (m)− Fi(γm)||
= ||F (m)− Fi(m)||+ ||F (γm)− Fi(γm)||.
Let us take γ ∈ Γ, and consider γ shift of the weakly finite approxi-
mation data:
γ(W ′i ), γ
∗(Fi), γ∗(li).
This shift gives anothor weakly finite approximation of F .
(B) Suppose F = l + c : L2k(X ;E) → L2k−1(X ;F ) consists of a
first order differential operator and c is the non linear term by some
pointwise operation.
Let us say that a weakly finite approximation of F is adapted, if there
is exhaustion K1 ⊂ · · · ⊂ Ki ⊂ Ki+1 ⊂⊂ X by compact subsets, such
that both the inclusions hold:
W ′i ⊂ L2k(Ki;E)0, Wi ⊂ L2k−1(Ki;F )0.
Later on we will always assume that any weakly finite approximation
of F is adapted, whenever F is a map between Sobolev spaces. Notice
that if a group Γ acts on X , then Γ orbit Γ(Ki) = X coincides with X
for all sufficiently large i.
Proposition 5.15. Let:
F = l + c : H ′ = L2k(X ;E)→ H = L2k−1(X ;F )
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be a Γ-equivariant locally strongly proper map, where l is a first order
elliptic differential operator and c is pointwise and locally compact on
each bounded set. Suppose l is isomorphic.
Then there is an adapted family of finite dimensional linear subspaces
{W ′i}i which weakly finitely Γ-approximates F .
Proof. Take an exhaustion of X by compact subsets K1 ⊂ · · · ⊂ Ki ⊂
Ki+1 ⊂ X . It follows from corollary 5.13 that there are finite dimen-
sional linear subspaces W ′i ⊂ L2k(Ki;E)0 and Wi ⊂ L2k−1(Ki;F )0 with
positive numbers si, ri > 0 such that the family of maps:
Fi ≡ prWi ◦ F : D′ri →Wi
is asymptotically proper and satisfies the inclusion F−1i (Dsi) ⊂ D′ri.
Moreover the restrictions satisfy convergences:
lim
i→∞
||Fi − F ||D′ri0 = 0,
lim
i→∞
||(l − li)|W ′i0|| = 0.
These properties also hold if one replaces W ′i by another any finite
dimensional linear subspace W˜ ′i which containsW
′
i . So one can assume
that the union:
∪i≥1 W ′i ⊂ L2k(X ;E)
is dense, and hence ∪i Wi ⊂ L2k−1(X ;F ) is also dense, since l is assumed
to be isomorphic.
Let us consider Γ action. Let us replace W ′i by W
′′
i ≡ Γ(W ′i ) ∩
L2k(Ki;E)0, which also contains W
′
i . The latter is also finite dimen-
sional, and the corresponding Fi and li still gives the weakly finite
approximation data.
Take any γ and i. Then there is some j ≥ i such that γ−1(W ′i ) ⊂
L2k(Kj;E)0. So γ
−1(W ′i ) ⊂W ′′j , and hence the inclusion:
γ(W ′′j ) ∩W ′′j ⊃W ′i
holds. This implies that the union of the left hand side with respect
to j is dense in L2k(X ;E). This gives weakly Γ-finite approximation of
F . 
Remark 5.16. The above argument implies that by adding more linear
planes if necessarily, one may assume Γ invariance of the union:
γ( ∪i Wi ) = ∪i Wi
for any γ ∈ Γ.
In other words, for any γ and i, there is some i′ ≥ i such that the
inclusion γ(Wi) ⊂ Wi′ holds.
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5.5. Sliding end phenomena. In general Fi|Dri ∩W ′i may not con-
verge to F in operator topology, when one finds difference between the
images of pr ◦ c(L2k(K;E)0) ⊂ L2k−1(K;E)0 and l(L2k(K;E)0).
Example 5.17. Let us give a simple example. Let H ′ = H = l2(Z),
and consider:
F = l + c : H ′ → H
where l({ai}i) = {ai−1}i is the shift, and c({ai}) = {bi}i with bi =
f(ai).
Let us put Vm,n = { {ai}i : ai = 0 for i ≤ m or n ≤ i}. Then
l : Vm,n ∼= Vm+1,n+1 and the restriction pr ◦ F − F : Vm,n → Vm,n+1
satiafies:
( pr ◦ F − F ) ({ai}i) = −f(am).
So pr ◦ F pushes bubbling f(am) off as m→ −∞.
Let us introduce a sliding end quantity. Let K1 ⊂⊂ · · · ⊂⊂ Ki ⊂⊂
Ki+1 ⊂ X be exhaustion of X by compact subsets, and:
pri : L
2
k−1(Ki;F )0 → l(L2k(Ki;E)0)
be the orthogonal projections.
Let us introduce a sliding end quantity b(F ) ∈ [0, C0] given by:
b(F ) ≡ inf
{Ki}i
lim
i→∞
b(F )i
where b(F )i = supv∈L2
k
(Ki)0
{ ||(1− pri)(c(v))||L2k−1 : ||v||L2k(Ki)0 ≤ 1 }.
6. Infinite dimensional Bott periodicity
6.1. Induced maps on Clifford C∗ algebras. Let H be a Hilbert
space. Higson-Kasparov-Trout constructed a Clifford C∗ algebra SC(H)
of H , and verified the Bott periodicity on K-theory β : K(C0(R) ∼=
K(SC(H)) by use of approximation by finite dimensional linear sub-
spaces. If a discrete group Γ acts on H linear and isometrically, then
their construction induces the equivariant Bott periodicity:
β : K(C0(R⋊ Γ) ∼= K(SC(H)⋊ Γ)
where the crossed product is full. Even though the right hand side C∗
algebra is quite ‘huge’ in general, its K-theory has the same size of the
one of the group C∗ algebra of Γ.
When H = E is finite dimensional, SC(E) is given by:
C0(R)⊗ˆC0(E,Cl(E))
where Cl(E) is the complex Clifford algebra of E. Let E ′, E be two
finite dimensional Euclidean spaces, and:
F = l + c : E ′ → E
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be a proper map, where l is its linear part. Assume that l : E ′ ∼= E
be an isomorphism, and let l¯ = l
√
l∗l
−1
: E ′ ∼= E be the unitary which
corresponds to l. There is a natural pull-back F ∗ : SC(E) → SC(E ′)
which is induced from:
F ∗ : C0(E,Cl(E))→ C0(E ′, Cl(E ′))
by u → v′ → l¯∗(u(F (v′))), where l¯ : Cl(E ′) ∼= Cl(E) is the canonical
extension of l¯ between the Clifford algebras. When F = l+c : H ′ → H
is a map between infinite dimensional Hilbert spaces, one cannot obtain
such a general induced map as F ∗ between SC(H), in general.
In [K4], we have introduced finite approximability on F .
Lemma 6.1 (K4). Let F = l + c : H ′ → H be a strongly finitely
approximable map. Then it induces a ∗-homomorphism:
F ∗ : SC(H)→ SC(H ′).
Let us apply K-theory. F ∗ above induces a homomorphism:
F ∗ : Z ∼= K(SC(H))→ K(SC(H ′)) ∼= Z.
It is given by multiplication of an integer which we call degree of F :
F ∗ = deg F× : Z→ ( deg F ) Z.
Remark 6.2. One can replace the condition of linear isomorphism of
l by zero Fredholm index (remark 5.4 in [K4]).
When F is finitely approximable, we have constructed a variant
SCF (H) of SC(H). Again if H = E is finite dimensional, SC(E),
then SCF (E
′) is given by the image C∗ algebra of the induced map:
F ∗ : SC(E) ∼= SCF (E ′) = F ∗(SC(E)) ⊂ SC(E ′).
Remark 6.3. At present we have not found a correct object correspond-
ing to the most right hand side C∗ algebra above, when H is infinite
dimensional. If we try to seek for it directly, it would be a kind of
projective limit C∗ algebra, however its K group seems quite trivial.
Proposition 6.4 (K4). Let F = l + c : H ′ → H be a finitely approx-
imable map. Then it induces a ∗-homomorphism:
F ∗ : SC(H)→ SCF (H ′).
If a discrete group Γ acts on both H ′ and H linear and isometrically,
then F ∗ is Γ equivariant.
In particular it induces a homomorphism:
F ∗ : K∗(SC(H)⋊ Γ) ∼= K∗+1(C∗(Γ))→ K(SCF (H ′)⋊ Γ).
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6.2. Asymptotic unitary maps. Let l : H ′ ∼= H be a linear isomor-
phism between Hilbert spaces.
Definition 6.1 (K4). Let H ′ and H be Hilbert spaces and l : H ′ ∼= H
be a linear isomorphism.
l is asymptotically unitary, if for any ǫ > 0, there is a finite dimen-
sional linear subspace V ⊂ H ′ such that the restriction:
l : V ⊥ ∼= l(V ⊥)
satisfies the estimate on its operator norm:
||(l− l¯)|V ⊥|| < ǫ
where l¯ is the unitary of the polar decomposition of l : H ′ ∼= H.
Let F : H ′ → H be weakly finitely approximable (see definition 5.1).
Let us say that it is finitely approximable, if moreover l is asymptotically
unitary.
Let us also say that F is strongly finite approximable, if it is finitely
approximable with the same li = l and ci = pri ◦ c such that:
lim
i→∞
||(1− pri) ◦ c|D′ri|| = 0
holds, where pri : H →Wi is the orthogonal projection.
Suppose H ′, H are both the Sobolev spaces such that l : L2k(X ;E) ∼=
L2k−1(X ;F ) is an elliptic operator which gives an isomorphism. Recall
the Sobolev norm which has been introduced in section 3. We denote
by P the spectral projection of l∗◦l, where we regard l as an unbounded
operator on L2(X ;E) and l∗ is the formal adjoint operator. In most of
other parts, we regard l as a bounded operator between Sobolev spaces
and hence l∗ is the adjoint operator between them, otherwise stated.
The following lemma is a key to induce asymptotic unitarity for an
elliptic operator:
Lemma 6.5. Let l be as above. Then the operator l : H ′ ∼= H satisfies
a property that for any ǫ > 0, there is λ0 >> 1 such that the operator
norm of the restriction of l∗ ◦ l on P [λ0,∞) ⊂ H ′ satisfies the estimate:
||(l − l¯)|P [λ0,∞)|| < ǫ
where ¯ is the unitary of the polar decomposition.
In particular the self adjoint operator:
U ≡ l¯∗ ◦ l =
√
l∗l : H ′ ∼= H ′
satisfies the estimate:
||(U − id )|P [λ0,∞)|| < ǫ.
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Proof. The latter statement follows from the former.
Let us verify the former property. Let us put:
PN(c) =
cN − 1
c− 1
for c > 1. Notice the equalities cPN−1(c) + 1 = PN(c).
If u is an eigenvector vector with l∗l(u) = λ2u, then the formulas
||u||2
L2
k
= Pk(λ
2)||u||2
L2
hold for all k ≥ 0. One can check this by
induction as follows:
< u, u >L2
k
=< l(u), l(u) >L2
k−1
+ < u, u >L2
=< l∗l(u), u >L2
k−1
+ < u, u >L2= λ
2 < u, u >L2
k−1
+||u||2L2
In particular if u ∈ L2k(X ;E) with ||u||L2k = 1 lies in the image of
spectral projection to [λ20,∞) on l∗ ◦ l, then ||u||L2 is sufficiently small
for large λ0 >> 1. So it follows from the formula:
< u, u >L2
k
=< l(u), l(u) >L2
k−1
+ < u, u >L2
that l is close to preserve the norms. 
Let l : L2k(X ;E)
∼= L2k−1(X ;F ) be as above, and K ⊂ X be a
compact subset. Consider the restriction:
l : L2k(K;E)0 → L2k−1(K;F )0.
Proposition 6.6. l : L2k(K;E)0 → L2k−1(K;F )0 is asymptotically uni-
tary. In particular U ≡ l¯−1 ◦ l is asymptotic identity.
Proof. Step 1: We verify that for any ǫ > 0, there is a finite dimen-
sional linear subspace V ⊂ L2k(K;E)0 such that the restriction:
l : V ⊥ ∩ L2k(K;E)0 → L2k−1(K;F )0
satisfies the estimate:
||(l− l¯)|V ⊥ ∩ L2k(K;E)0|| < ǫ.
In particular we obtain the estimate:
||(U − id )|V ⊥ ∩ L2k(K;E)0|| < ǫ.
Notice that it can happen that an eigenvalue has infinite multiplic-
ity on L2(X), in which case the above estimate falses over X . Such
situation can happen only when X is non compact.
Step 2: Let P [0, λ] : L2(X ;E) → L2(X ;E) be the spectral projec-
tion of l∗ ◦ l, and BK ⊂ L2k(K;E)0 be the unit ball.
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We claim that P [0, λ](BK) ⊂ L2k(X ;E) is relatively compact for
every λ > 0. Take any sequence {ui}i ⊂ L2k(K;E)0 with ||ui||L2k = 1,
and put u1i = P [0, λ](ui) with u
2
i = ui − u1i ∈ P (λ,∞)(BK).
Notice the formula < ui, uj >L2
k−1
=< u1i , u
1
j >L2k−1 + < u
2
i , u
2
j >L2k−1,
and hence:
||ui − uj||2L2
k−1
= ||u1i − u1j ||2L2
k−1
+ ||u2i − u2j ||2L2
k−1
.
Since {ui}i has compact support, a subsequence converge in L2k−1(K;E)0.
So one may assume that the left hand side converge to 0. In particular
limi→∞ ||u1i − u1j ||L2k−1 = 0 holds. Since the bound:
||u1i − u1j ||2L2
k
≤ C||u1i − u1j ||2L2
k−1
→ 0
holds for some constant C, ||u1i ||2L2
k
→ 0 as i→∞ holds.
This verifies the claim.
Step 3: Let us take an orthonormal basis {ui}i ⊂ L2k(K;E)0. It
follows from step 2 that a subsequence of {u1i }i converge in L2k. In
particular for any ǫ > 0, there is a finite dimensional vector space V ′
spanned by {u1i1, . . . , u1im} for some {i1, . . . , im} such that
||(1− prV ′)u1i ||L2k < ǫ
hold for all i.
Let V ⊂ L2k(K;E)0 be a finite dimensional vector space spanned by
{ui1, . . . , uim}. Then the inclusion:
V ⊂ V ′ ⊕ P [λ,∞)
holds. Moreover, for any i, there is u′i ∈ L2k(X ;E) with ||u1i−(u′i)1||L2k <
ǫ such that
u′i ∈ V ′ ⊕ P [λ,∞)
hold. Then the conclusion follows by lemma 6.5. 
Corollary 6.7. Let F = l + c : H ′ → H be the monopole map over
a compact oriented four manifold M with b1(M) = 0, such that the
Fredholm index of l is zero.
Then it is strongly finitely approximable.
Proof. This follows from [BF] with proposition 6.6. 
Remark 6.8. (1) In the case of the covering monopole map:
µ˜ : L2k((X, g); S˜
+)⊕ L2k((X, g); Λ1 ⊗ iR) ∩ Ker d∗ →
L2k−1((X, g); S˜
− ⊕ Λ2+ ⊗ iR)⊕H1(X)
(φ, a)→ (FA˜0,ψ˜0(ψ, a), [a])
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the target space is the sum of the Sobolev space with H1, where the
latter space is infinite dimensional if not zero.
By Hodge theory, Ker d∗ decomposes as d∗(L2k+1(X ; Λ
2
+)) ⊕H1(X),
and so:
∪i d∗(L2k+1(Ki; Λ2+)0) ⊕H1(X)
is dense in Ker d∗.
The restriction of the linearized map on the harmonic part is in fact
isometry. Hence the covering monopole map is also asymptotically uni-
tary over compactly supported Sobolev spaces.
(2) In the case when l : L2k(X)
∼= L2k−1(X) gives a linear isomor-
phism, we can use the Sobolev norms by:
< u, v >L2
k
=< (l∗l)ku, v >L2 .
Then l : L2k(X)
∼= L2k−1(X) is unitary with respect to this particular
norm. (see the paragraph below the proof of lemma 3.1).
Corollary 6.9. Suppose l is a linear isomorphism in proposition 5.15.
Then it consists of a finite Γ-approximation of F .
Proof. Step 1: It follows from proposition 5.15 that we only have to
verify a property that there is a family ǫi → 0 so that the restriction
of the family of linear maps li : W
′
i
∼= Wi satisfy the estimate:
||l¯∗ ◦ l − l¯∗i ◦ li||Wi0 < ǫi
where l¯ = l√
l∗l
is the unitary operator with respect to the restriction
l : L2k(Ki;E)0 → L2k−1(Ki;F )0.
Step 2: Recall the construction of l′ in corollary 5.10. To see the
family consists of an asymptotic unitary family, one needs only to verify
the condition (2) above.
Let Ki0 ⊂ Ki be the embedding for i > i0. It follows from corol-
lary 5.10 with lemma 5.11 that the restriction has a sufficiently small
operator norm:
||l − li||W ′i0 < ǫi
for W ′i0 ⊂ L2k(Ki0 ;E)0, where limi ǫi = 0. So the family {li}i is asymp-
totically unitary.
Step 3: Take two elements v ∈ W ′i0 and v′ ∈ Wi, where i >> i0.
Then the equality holds:
< l∗i li(v), v
′ > =< li(v), li(v′) >
=< l(v), l(v′) > + < (l − li)v, (l− li)v′ >
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since l − li has the image in ∂Ki which is orthogonal to l(L2k(Ki;E)0).
Again it follows from lemma 5.11 that the norm satisfies the estimate
|| < (l − li)v, (l − li)v′ > || ≤ ǫ2i ||v||||v′||. This implies the estimate:
||l∗i li − l∗l||W ′i0 < ǫ
2
i .
Then we obtain the estimate ||√l∗i li −√l∗l||W ′i0 < Cǫi, and hence
||l¯∗ ◦ l − l¯∗i ◦ li||W ′i0 < ǫi
is satisfied, since the equality l¯∗l =
√
l∗l holds. 
Remark 6.10. Let us describe some more properties related to the
approximations above. Let l′ : L2k(Ki+1;E)0 → L2k−1(Ki+1;F )0 and l :
L2k(Ki;E)0 → L2k−1(Ki;F )0 be two restrictions of l so that the equality
l∗l = prL2
k
(Ki)0
◦ (l′)∗l′ holds on L2k(Ki;E)0.
We claim that the restrictions of the self adjoint operators below
satisfy the equality:
l∗l|W ′i0 = (l′)∗l′|W ′i0 .
Notice that l is assumed to be a first order differential operator. Let
ϕi ∈ C∞c (Ki+1) be a cut off function with ϕ|Ki ≡ 1 and ϕ|Kci ≡ 0.
Consider the inner product for any unit vectors v ∈ W ′i0 ⊂ L2k(Ki0;E)0
and v′ ∈ L2k(Ki+1;E)0:
< (l′)∗l′(v), v′ > =< l′(v), l′(v′) >=< l(v), l(ϕiv′) >
=< l∗l(v), ϕiv′ >=< ϕil∗l(v), v′ > .
Hence the equality (l′)∗l′ = ϕil∗l holds on W ′i0. In particular:
< (l′)∗l′(v), v′′ >= 0
vanishes for any v′′ ∈ L2k(Ki;E)⊥0 ∩ L2k(Ki+1;E)0. So if we decompose
v′ = u+ v′′ ∈ L2k(Ki+1;E)0 with u ∈ L2k(Ki;E)0, then the equality:
< (l′)∗l′(v), v′ >=< (l′)∗l′(v), u >=< l∗l(v), u >
holds, which verifies the claim.
So
√
l∗l|Wi0 is norm preserving with respect to i. Denote the restric-
tions of l : L2k(X ;E)
∼= L2k−1(X ;F ) by:
l˜i : L
2
k(Ki;E)0 → L2k−1(Ki;F )0.
The above argument implies that
l˜∗j l˜j : L
2
k(Ki−1;E)0 → L2k(Ki;F )0
holds for any j ≥ i. Moreover the equality holds:
l˜∗j l˜j |L2k(Ki−1;E)0 = ϕil˜∗i l˜i|L2k(Ki−1;E)0.
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7. K-theoretic higher degree
Let H ′, H be Hilbert spaces on which Γ acts linear and isometrically,
and let F = l + c : H ′ → H be a Γ equivariant smooth map such that
l : H ′ ∼= H is a linear isomorphism.
Assume that F is Γ-finitely approximable so that there is a family
of finite dimensional linear subspaces W ′0 ⊂ W ′1 ⊂ · · · ⊂ W ′i ⊂ · · · ⊂
H ′ with dense union, Fi : W ′i → Wi = li(W ′i ) with the inclusions
F−1i (Dsi) ⊂ D′ri and two convergences on both F and l.
Our basic idea is to pull back functions on Wi = li(W
′
i ) by Fi and
combine all together. Consider the induced ∗-homomorphism F ∗i :
SC(Wi)→ SC(W ′i ):
F ∗i (f⊗ˆh)(v) = f⊗ˆl¯−1i (h(Fi(v))
where SC(Wi) = C0(R)⊗ˆC0(Wi, Cl(Wi)).
We shall give the equivariant degree of the covering monopole map
as a homomorphism between K-theory of C∗ algebras. Let X be a
compact oriented four manifold with π1(X) = Γ.
Theorem 7.1. Let F = l + c : H ′ → H be the covering monopole
map. Assume that the linearized operator is an isomorphism. More-
over assume that the AHS complex has closed range over the universal
covering space.
Then it induces the equivariant ∗-homomorphism:
F ∗ : SC(H)→ SCF (H ′).
In particular it induces a map on K-theory:
F ∗ : K∗(C
∗(Γ))→ K∗(SCF (H ′)⋊ Γ).
We call it as the higher degree of the covering monopole map.
Proof. It follows from proposition 5.15 and corollary 6.9 that F is Γ-
finitely approximable.
Then the conclusion follows from proposition 6.4. 
Let us describe how to construct the induced ∗-homomorphism. Let
us take an element v ∈ SC(H) and its approximation v = limi→∞ vi
with vi ∈ SsiC(Dsi) = C0(Dsi, Cl(Wi)).
Consider the induced ∗-homomorphism [K4]:
F ∗i : SsiC(Dsi)→ SriCFi(D′ri) (⊂ SriC(D′ri)).
Let us fix i0 and let ui = β(vi0) ∈ SsiC(Dsi) be the image of the stan-
dard Bott map. Then the family {F ∗i (ui)}i≥i0 determines an element
in SCF (H
′), which gives a ∗-homomorphism:
F ∗ : Ssi0C(Dsi0 )→ SCF (H ′)
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since both F ∗i and β are ∗-homomorphisms. Notice that the composi-
tion of the two ∗-homomorphisms:
Ssi0C(Dsi0 )
β−−−→ Ssi′
0
C(Dsi′
0
)
F ∗−−−→ SCF (H ′)
coincides with F ∗ : Ssi0C(Dsi0 )→ SCF (H ′).
Take two sufficiently large i′0 ≥ i0 >> 1 so that the estimate ||β(vi0)−
v′i0 || < ǫ holds for a small ǫ > 0, and put u′i = β(v′i0) ∈ SsiC(Dsi) for
i ≥ i′0. Since F ∗ is norm-decreasing, the estimates ||F ∗i (ui)−F ∗i (u′i)|| <
ǫ hold for all i ≥ i′0. Hence the estimate ||F ∗(vi0)−F ∗(vi′0)|| < ǫ holds.
So we obtain the assignment v → limi0→∞ F ∗(vi0), which gives a
Γ-equivariant ∗-homomorphism:
F ∗ : SC(H)→ SCF (H ′)
where {vi}i is any approximation of v.
Finally let us describe the case of the monopole map over a compact
manifold.
Proposition 7.2. Let F : H ′ → H be the monopole map over a com-
pact oriented four manifold M with b1(M) = 0. Then F induces a
∗-homomorphism:
F ∗ : SC(H)→ SC(H ′).
Moreover the induced map:
F ∗ : K(SC(H)) ∼= Z→ K(SC(H ′)) ∼= Z
is given by multiplication by multiplication by the degree 0 Seiberg-
Witten invariant.
Proof. Suppose the index is non zero. Then in this case we just put
the map as zero.
Suppose the index is equal to zero. If l is linearly isomorphic, then the
conclusion follows from corollary 6.7 with lemma 6.1. If the Fredholm
index of l is zero, then the same conclusion follows from remark 6.2.
TheK-theoretic degree of F coincides with the degree 0 Seiberg-Witten
invariant by theorem 1.1. 
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